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1 Introduction — Non-Euclidean Geometry

Over 2000 years ago, the Greek mathematician Euclid compiled all of the known geometry
of the time into a 13-volume text known as the £ n n itself, that was an impressive
feat, but what made his e orts particularly astonishing was that he laid a a foundation
for the sub ect as well e established ve axioms for geometry, then showed that every
result in his text could be proven from those axioms

n modern language, Euclid s postulates can be stated as follows

or every point and every point not e ual to  there exists a uni ue line that
passes through  and

or every segment and every segment there exists a uni ue point  such that
is between and  and segment is congruent to segment

or every point  and every point not e ual to , there exists a circle with center
and radius

1l right angles are congruent to each other

or every line and point that does not lie on , there exists a uni ue line  through
that is parallel to

rom the time the F n  was published, Euclid s axioms have been the sub ect of
careful scrutiny, criticism and controversy odern texts note several de ciencies in the
axioms see, for example 3, 1  Generally speaking, Euclid s axioms are not precise enough,
and in his text, Euclid relies on diagrams and makes use of unstated assumptions any
mathematicians, ilbert in particular see 2 |, have devoted themselves to placing geometry
on a rmer foundation than did Euclid evertheless, Euclid s axioms form the basis of
Eu an ry, the plane geometry studied by most high school students today

n spite of some of the weaknesses of Euclid s axioms, they were, for the most part
accepted by other mathematicians or example, xiom tells us that through any two
points, one and only one line can be drawn  ost people would grant that statement as a
truth about our physical world So it is with Euclid s rst four axioms  owever, the fth
and nal axiom proved extremely controversial

Ithough Euclid s fth axiom, called the parallel postulate , seems a reasonable as-
sumption, geometers were skeptical from its rst appearance Speci cally, many thought
that Fuclid could be proven from his other four axioms f this were true, there would
be no need to assume it, and Euclid would have needed only four axioms for his F n

or 2000 years, geometers attempted to prove the parallel postulate and met with utter

failure n every purported proof, there could be found a aw, some statement which in turn
could not be proven



n the 1 th century, mathematicians began to look at the postulate in a new way  ather
than trying to prove Euclid , they began to uestion whether such attempts could really
succeed  hree mathematicians Gauss, olyai, and obachevsky independently developed
a noncontradictory geometry in which the parallel postulate is «a One way that Euclid s

fth axiom can fail is to have too many parallel lines through a point

here exists a line and a point not on such that at least two distinct lines parallel
to pass through

ather than assuming the parallel postulate, the three men assumed this axiom, which
is today called the sing the hyperbolic axiom and Euclid s other
four postulates, Gauss, olyai, and obachevsky developed the important and rich sub ect
which has come to be known as hyperbolic geometry
efore discussing models on hyperbolic geometry, we must point out that the hyperbolic
axiom is not the only way in which Euclid can fail t is possible, of course, that there are
not enough parallel lines through a point

here exists a line and a point not on such that there are no lines parallel to
which pass through

f we assume this axiom, called the , rather than Euclid s parallel postulate,
we obtain yet another type of geometry, albeit with some restrictions Elliptic geometry
re uires slight modi cations to the other axioms of geometry and will not be considered
here consists of both elliptic and hyperbolic geometry, though
in the context of this report it will generally refer to hyperbolic geometry

odels o Hyperbolic Geometry

One particular di culty with non-Euclidean geometry is visualization =~ ow can one un-
derstand a universe in which the parallel postulate does not hold n our experience, if we
construct two parallel lines, then draw a third line which intersects one of the two parallel
lines, it seems clear that it must intersect the other  he solution to this di culty again
re uires a change in thinking e abstract our notions of common geometric terms such as
line , point , and congruent , reinterpret them and create a universe, or , where

Euclid s rst four axioms hold, but the fth one doesn t

here are many models of hyperbolic geometry erhaps the best known are the oincare
disk model, the oincare half-plane model, and the eltrami- lein or lein model n
each of these models there are di erent interpretations of unde ned geometric terms such
as point, line, and congruent n the non-Euclidean models, the interpretations are
generally di erent from their usual Euclidean notions, so standard Euclidean constructions
do not directly apply or example, in the oincare models, lines are interpreted to be arcs
of circles, so in these models, lines cannot be constructed with ust a Euclidean straightedge

he non-Euclidean models thus provide a challenge how does one construct typical
geometric ob ects in hyperbolic geometry ith a straightedge and compass, one can draw
circles, bisect angles, and construct midpoints in Euclidean geometry  sing the same tools,
how does one perform the same constructions in the hyperbolic models

lexander and inzer have written r a scripts to perform ten typical
constructions in the oincare disk model he constructions are available at



and include scripts to

onstruct a non-Euclidean line, given two points on the line

onstruct a non-Euclidean line segment, given the endpoints of the segment
easure the length of a non-Euclidean line segment

alculate the measure of an angle

onstruct the bisector of a given angle

onstruct a perpendicular to a given line through a given point on the line
onstruct a perpendicular to a given line through a given point not on the line
onstruct the perpendicular bisector of a non-Euclidean line segment

onstruct a circle, given its center and a point on the circle

onstruct a circle, given its center and two points determining the radius of the circle

hese constructions use the Euclidean tools of r a , which are, in essence,
computer versions of the straightedge and compass  t should be noted that items 3 and
above are not actually constructions, since they re uire the notion of measurement
n this document, we describe the steps necessary to perform onstructions 1 10 for
the other two well-known models of hyperbolic geometry, the eltrami- lein and oincare
half-plane models  he descriptions provide a context for understanding the constructions
in associated r a scripts for these models n addition, while creating the
constructions for both models, it proved useful to to develop additional scripts which nd
the midpoint of a line segment and nd the re ection of a point about a line or example,
constructing the perpendicular bisector of a given line segment becomes much simpler once
we have algorithms for constructing midpoints and raising perpendiculars  hese additional
constructions are described as well  ote however, that in all cases, the constructions are
only described - formal proofs are omitted
he ten lein scripts are provided rst, followed by the half-plane scripts o the best of
our knowledge, the lein scripts are original  hat is, though others have certainly demon-
strated the same constructions, they are an original compilation in the form of a
scripts ~ he same may be said for constructions 10 in the oincare half-plane model
ennett has created scripts for constructions 1  for the half-plane model is scripts may
be found at

eil has also written several scripts for the half-plane model, which may be found at

lthough several of the constructions described here appear to duplicate eil s work, there
are some di erences or example, the midpoint and circle constructions described here use
only straightedge and compass constructions, while eil s scripts involve coordinate geometry
as well



eltrami- lein odel cripts

n the eltrami- lein model of non-Euclidean geometry, we x a Euclidean circle oints
in this model are interpreted to be points interior to , and lines are interpreted to be
open chords of the circle ie chords without their endpoints he lein model is neither

isometric nor conformal that is, it represents neither distances nor angle measures faithfully
owever, the model does provide several distinct advantages over the oincare models irst,
it is immediately apparent that the hyperbolic axiom holds in this model Given a chord
of and a point interior to the circle that is not on the chord, there are an in nitude
of distinct chords passing through  which do not intersect  Second, although the model
is not conformal, constructing perpendicular lines in the lein disk proves to be somewhat
easier than in the oincare models
Each construction corresponds to an available r a script  he name
of the associated script is given in bold-face next to the number of the construction n
a , the script tools assume that one is performing the constructions using a xed
circle labelled lein 1isk, de ned by a center labelled - isk center, and a point on the
circle labelled - isk radius  he a le klnstrt gsp contains this startup gure
he simplest way to use the lein tools is to create a directory, perhaps called klein, in
which all the scripts and klnstrt gsp is stored Set the script tool directory in a
to be klein, and the tools will be accessible from the a desktop
or the lein constructions discussed below, Greenberg 1 provides much useful back-
ground Stahls text  discusses the lein model in depth as well  ote also that in the
constructions, only the most general cases are considered or example, if one wants to
construct a perpendicular to a general lein line, onstructions and will work nicely
owever, if the lein line happens to be a diameter of the lein disk, the construction
will fail s noted in the introduction, in addition to the standard ten constructions, we
include constructions which nd the midpoint of a lein segment see item i below
and the re ection of a point about a lein line see item i he of a lein line
is a useful construction in this model, and a description of that construction is also given
see item i hroughout the constructions, we will use terms such as  -line and
-circle as shorthand for  lein line and  lein circle his will distinguish between
the non-Euclidean constructions and their Euclidean counterparts

onstruct a lein line, given two points on the line

n  wo points and inside the lein disk

noru -line , ie the Euclidean chord of the lein disk which passes
through  and

onstruct the Euclidean line

et and be the points of intersection of with and  are ideal
points
onstruct Euclidean segment y de nition, this segment excluding end-

points  and is the -line passing through  and

onstruct a lein line segment, given the endpoints of the segment



igure 1  alculating the length of a line segment in the lein model

n  wo points and inside the lein disk
n o ru -segment

onstruct the Euclidean segment y de nition, this is also the -segment
oining and

easure the length of a lein line segment
n  wo points and inside the lein disk

a ur  he -length of segment

onstruct the -line et and be the ideal points of this -line,ie the
ends of this chord of passing through and

ind each of the following Euclidean lengths

b b bl

e nethe r ra by
et - hen is the -length of segment See 1,
heorem is independent of the labelling of  and ie their labelling

could be reversed without a ecting See igure 1

ength is de ned as one-half the natural log of the relevant cross-ratio One
could use a di erent log base or delete the factor of - he result would still be
a perfectly legitimate hyperbolic measure of length  owever, our particular choice
of distance allows for simpler relationships between lengths and angle measures in
hyperbolic trigonometry Speci cally, this choice yields the constant lin heorems
101 and 10 2 of 1, and allows for direct use of the hyperbolic law of sines and law of
cosines 1, heorem 10

alculate the -measure of an angle
n  lein points , , and

a ua the -measure of _



onstruct triangle ote that constructing the triangle in the lein disk
is the same as constructing it in the Euclidean sense

et be the length of side , the side opposite _ et be the length of side

, the side opposite _ et be the length of side , the side opposite _
engths should be measured using the standard lein unit See onstruction
3 above

ccording to the y r a n  See 1, heorem 10
cosh cosh cosh sinh sinh cos

hus
cosh cosh cosh

arccos - :
sinh sinh

onstruct the pole of a given -line see 1,p 23
n  -line

n o ru , ie the intersection of the tangents to the de ning -circle
at the endpoints of the Euclidean chord making up

et and be the endpoints of the Euclidean chord which constitutes -line

raw segments and , where is the center of

onstruct the Euclidean line  through  which is perpendicular to

onstruct the Euclidean line through  which is perpendicular to y
construction, and are the tangents to through the points and |,
respectively

ssuming is not a diameter of , lines and intersect at a point
exterior to

is the See igure 2
onstruct the bisector of a given angle
n  lein points , , and
n ru  the angle bisector of of _

Greenberg outlines this construction in 1, p 2 3

onstruct -rays and et and be the respective points where
these rays intersect

et be the pole of the Euclidean chord , ie the pole of the -line
de ned by the ideal points  and

raw Euclidean line et and be the points of intersection of this
line with
Euclidean chord is the -line which bisects _ in the sense of lein

See igure 3

onstruct a perpendicular to a given lein line through a given point
on the line



" P()

igure 2 onstructing the pole of line in the lein model

igure 3 onstructing the angle bisector of an angle in the lein model



n  lein points and

n oru he -line through  which is perpendicular in the lein sense to
the -line

onstruct -line and construct the pole of this line See onstruction

i above

raw Euclidean line et and be the points where this line meets circle

hen the chord of de ned by is the -line through  which is perpendicular

in the lein sense to

onstruct a perpendicular to a given lein line through a given point
not on the line

n  lein points , and , not collinear
noru he -line through  which is perpendicular in the lein sense to
the -line
onstruct -line and construct the pole of this line See onstruction
i above
raw Euclidean line et and be the points where this line meets circle

hen the chord of de ned by is the -line through  which is perpendicular

in the lein sense to

onstruct the midpoint of a lein line segment
n  lein points and

n oru he point on -segment such that in the lein
sense

his construction is Exercise - onp 2 3of 1 t follows from discussion on
p 2 2 and 2 3 of that text

onstruct the -line ie the Euclidean chord of which passes through

and

sing onstruction i above, let  be the pole of lein line

raw Euclidean lines and

he lines and each intersect circle in two points et and
be the points of intersection of and et and be the points of
intersection of and hen , , ,and are all ideal points

onstruct chords and of circle et  be the intersection point of

these chords
y construction, lies on segment and See igure

onstruct the perpendicular bisector of a lein line segment



igure onstructing the midpoint of a line segment in the lein model

n  lein points and

noru he -line perpendicular in the lein sense to the -line
and passing through the midpoint  of -segment
sing the construction outlined in onstruction i above, construct the
midpoint  of segment
sing onstruction above, construct the line through  which is per-
pendicular to -line hen is the re uired perpendicular bisector of

onstruct the re ection of a point about a lein line
n  lein points and

n oru he point distinct from  on -line such that
in the lein sense is thus the image of  under re ection about the -line
through  which is perpendicular in the lein sense to
Greenberg outlines this construction on p 2 2 of 1

onstruct the -line passing through and all this line

onstruct the pole of using onstruction i given above

raw Euclidean line his line intersects at two points, and

raw Euclidean line he portion of this line which is a chord of is a
-line through  which is perpendicular to all this line

onstruct the pole of using onstruction i given above

raw the Euclidean lines and Each of these lines intersects at
another point on all these additional ideal points and , respectively

raw Euclidean chord intersects -line at a point



igure onstructing the re ection of a point about a line in the lein model

is the desired re ection of about line , with in the lein sense
See igure

onstruct a lein circle, given its center and a point on the circle
n  lein points and
noru he -circle centered at  with radius

onstruct the Euclidean circle  centered at  with Euclidean radius
hoose a point  on circle

raw line
onstruct the re ection of point  about ray o do this, drop a -
perpendicular from  to line and let be the point of intersection
e ect point using onstruction i above et  be the image of this
re ection
y construction, in the sense of lein
he lein circle centered at  with radius is the locus of points as
travels around the Euclidean circle ote that is n a Euclidean circle See
igure

onstruct a lein circle, given its center and two points, the segment
between which determines the radius of the circle

n  lein points , , and
n oru he -circle centered at  with radius , where in the
lein sense
raw segment et -line be the perpendicular bisector of segment ,
using onstruction ii above

10



igure onstructing the lein circle centered at  and with radius

igure onstructing the lein circle centered at  and with radius congruent to

11



rop a -perpendicular from point to line at a point , using onstruction

above
e ect point about line using onstruction i above et be the image
of this re ection y construction, in the sense of lein
onstruct the -circle centered at  with radius , using onstruction
ii above

ircle  is our desired circle See igure

oincare Hal - lane odel cripts

n the oincare alf-plane model of hyperbolic geometry, we x a Euclidean line and
arbitrarily choose one side of that line to be the upper half-plane  or intuitive purposes,
we generally use the -axis as our line and let the set of points whose -coordinate is positive
be the upper half-plane oints in this model are interpreted to be points in the upper
half-plane not including the -axis , and lines are interpreted to be either vertical rays
with endpoint on the -axis, or, more generally half circles whose center lies on the -axis

he constructions below work in the more general case, not for the special case of the lines
which are rays
elow are descriptions of basic constructions 1 10 in the oincare half-plane model  he
descriptions supplement the associated r a scripts for the constructions
Ithough give descriptions for all ten constructions, others have produced scripts for these
constructions previously s noted earlier, ennett has created scripts for items 1  in the
half-plane model is scripts may be found at

hese scripts are titled - , - , - , and - , and
construct hyperbolic lines and segments, and measure hyperbolic distances and angles, re-
spectively, in the oincare half-plane model y description of onstruction 3 is slightly
di erent from ennetts choose a slightly di erent unit for measuring length, for ease of
use of hyperbolic trigonometry s such, give a description of my construction calculation
script , rather than his  he remaining scripts given here have been written
by this author

eil has also written several scripts for the half-plane model, which may be found at

Ithough several of the constructions described here appear to duplicate eil s work, it
should be noted that several constructions di er in their fundamentals eil uses coordinate
geometry for some of his constructions

s in the eltrami- lein case, each construction corresponds to an available r
a script  he name of the associated script is given in bold-face next to the num-
ber of the construction n a , the script tools assume that one is performing the
constructions using a xed line de ned by two points labelled and Ithough one
can typically use any line so de ned, it is helpful to use the -axis as the de ning line n

12
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igure onstructing the line through and in the oincare alf-plane model

particular, a can become confused as to which side of line is the upper half-

plane, an ambiguity which is less troublesome when is the -axis he a le
poinhalf gsp contains a startup gure in which and  are points on the -axis  he
simplest way to use the script tools is to create a directory, perhaps called poinhalf, in
which all the scripts and poinhalf gsp is stored Set the script tool directory in a
to be poinhalf, and the tools will be accessible from the a desktop
s noted in the introduction, in addition to the standard ten constructions, we include
constructions which nd the midpoint of a half-plane segment see item i below and the
re ection of a point about a half-plane line see item i n all the constructions we will
use terms such as -line and -circle as shorthand for  oincare half-plane line and
oincare half-plane circle his will distinguish between the non-Euclidean constructions
and their Euclidean counterparts

ennett s - onstruct a  -line, given two points on the line
n  wo points and in the -plane
n oru -line , ie the half-circle centered on the -axis and passing

through and

onstruct Euclidean segment

et be the Euclidean perpendicular bisector of ssuming that and do
not lie on the same vertical line, let  be the intersection of and the -axis

et  be the circle centered at  with radius

he half of circle  which lies in the upper half plane is the  -line through and
See igure

ennett s _ onstruct a -line segment, given the endpoints of the
segment

13
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igure alculating the length of a line segment in the oincare alf-plane model
n  wo points and in the  -plane
n ru -segment , ie the arc of the circle centered on the -axis,

contained entirely in the upper half-plane, and with endpoints and

onstruct the -line as described in  onstruction 1 above

et  -segment be the arc of the which is contained entirely in the upper
half-plane, and has endpoints  and

easure the length of a  -line segment
n  wo points and in the oincare half-plane

a ur  he  -length of segment

onstruct the  -line et and be the ideal points of this -line, i e

the points of intersection of the -axis and the circle centered on the -axis which
passes through and

ind each of the following Euclidean lengths

? ? Y

e nethe r ra by
et hen isthe -length of segment is independent
of the labelling of and  ie their labelling could be reversed without a ecting
See igure

s in the length de nition for the lein model, other de nitions using a

di erent log base or scaling factor are possible, but this one allows for easy use of
hyperbolic trig formulas

ennett s - alculate the measure of an angle
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igure 10  alculating the measure of angle _ in the oincare alf-plane model

n oints , ,and in the oincare half-plane
a ua the  -measure of _

onstruct  -segments and

onstruct the Euclidean tangent lines to the arcs in step a at et and
be, respectively, the centers on the -axis of the circles which de ne the Euclidean
arcs given by -segments and raw Euclidean radius segments
and et and be the Euclidean lines through  which are perpendicular
to , and , respectively hen  and are the desired tangent lines

See

Euclidean lines and de ne the angle we wish to measure e need to ensure
the interior of that angle is well-de ned rop Euclidean perpendicular to

line at and Euclidean perpendicular to line at

ind the Euclidean measure of Euclidean angle _
igure 10
onstruct the bisector of a given angle
n oints , ,and in the oincare half-plane
n ru  the  -line which bisects  -angle _

sing steps a - ¢ in onstruction above, construct Euclidean angle _

et be the Euclidean angle bisector of _

et be the Euclidean line through  which is perpendicular to

ssuming that is not a vertical ray, will intersect the -axis at some point

et  be the Euclidean circle centered at  with radius

he upper half of circle is the  -line which bisects _ See igure 11



igure 11  onstructing the angle bisector of an angle in the oincare alf-plane model

onstruct a perpendicular to a given -line through a given point
on the line

n oints and in the oincare half-plane

n ru the -line ie Euclidean half-circle through which is perpendicular
in the  -sense to the  -line oining and
onstruct the  -line as described in  onstruction 1above s a Euclidean
half-circle, let this  -line have center on the -axis

onstruct Euclidean segment

onstruct the Euclidean line through  which is perpendicular to segment

ine is thus the tangent to the  -line at point

ssuming is not a vertical line segment, intersects the -axis at some point

onstruct the Euclidean half-circle  centered at  and passing through point

-line  is the desired line  ote that by construction, Euclidean line is perpen-
dicular to segment On the other hand, Euclidean lines and are tangent
to the -lines and , respectively y the de nition of perpendicularity in the

half-plane model, then, See igure 12

onstruct a perpendicular to a given  -line through a given point
not on the line

n oints and de ning  -line and point  not on
n ru -line ie FKEuclidean half-circle = through  which is perpendicular
in the  -sense to the  -line oining and
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igure 12 onstructing the  -line through  which is perpendicular to in the oincare
alf-plane model

onstruct the  -line as described in  onstruction 1above s a Euclidean

half-circle, let this -line have center Extend the half-circle to a full-circle

onstruct Euclidean line et  be the point above the -axis where the
-line meets Euclidean line

onstruct the Euclidean circle  centered at  and passing through point
onstruct the Euclidean line through  which is perpendicular to Euclidean line

et this line intersect circle  at point and circle at point , where
and lie above the -axis

onstruct Euclidean line

onstruct the line through  which is parallel to et this line intersect
Euclidean line at point
onstruct the -line as described in  onstruction 1 above
-line 1s the desired line he Euclidean half-circles and intersect or-

thogonally, so the lines are perpendicular in the oincare half-plane sense See igure
13

onstruct the midpoint of a -line segment,

n  oints and

n ru  the point lying on  -segment which is the midpoint in
the  -sense of

onstruct -segment ie FEuclidean circle arc Extend this arc to a
Euclidean circle , centered at the point

onstruct Euclidean line ssuming is not parallel to the -axis, let

be the point of intersection of and the -axis

et  be the Euclidean midpoint of Euclidean segment which is part of
the -axis



igure 13 onstructing the
alf-plane model

-line through  which is perpendicular to

in the oincare

et  be the Euclidean circle centered at

and passing through
ircles  and

intersect in two points on opposite sides of the

-axis  he
intersection point  which is above the -axis is the midpoint of  -segment
his completes the essence of the construction however, r a

has some di culty in deciding which intersection point in step e

is above the -
axis

he remaining construction steps select the correct point without resorting
to coordinate geometry

all the intersection points from step e points

and onstruct Euclidean
line segment

is perpendicular to the -axis at some point

n addition, intersects
Euclidean segment at some point

onstruct Euclidean ray

y construction, this ray emanates from a
point on the

-axis and points in the positive -direction
et be the intersection of ray with circle

y construction, will be either point

or point , whichever has positive
-coordinate See igure 1

onstruct the perpendicular bisector of a

-line segment
n oints and

n ru  the perpendicular bisector in the

-sense of the -segment
onstruct the midpoint of  -segment as in  onstruction i above
onstruct the -line through which is perpendicular to -segment

see onstruction above
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igure 1 onstructing the midpoint of  -line segment in the oincare alf-plane
model

onstruct the re ection of a point about a  -line
n oints and  in the oincare half-plane
n oru he point on  -line such that in the oincare
sense is thus the image of under re ection about the  -line through

which is perpendicular to

onstruct the  -line et  be the Euclidean half-circle which is this
-line
sing onstruction above, construct the  -line  through  which is
perpendicular to -line s a Euclidean half-circle, let this -line
have center
raw Euclidean line intersects the half-circle  at two points,
and another point
is the desired re ection of about line  with See igure 1
his completes the essence of the construction however, r a
has some di culty in deciding which point of intersection of line with circle
is  and which is the desired re ection o resolve this di culty, include

the following additional constructions

fter constructing line ,let and be the points of intersection of this
line with circle One of and is point , and one is

onstruct Euclidean segment and nd its Euclidean midpoint

raw ray his ray will intersect circle  at either or his point
of intersection is our desired re ection

onstruct a  -circle, given its center and a point on the circle

n oints and in the oincare half-plane
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igure 1 onstructing the re ection of a point about a line in the oincare alf-plane
model

n ru  the -circle centered at  with -radius

-circle is also a Euclidean circle, albeit with a di erent center he
Euclidean center of our desired circle will lie on the same vertical line as

onstruct the Euclidean line through which is perpendicular to the -axis

sing onstruction i above,let betheimageof under  -re ection
about the line perpendicular to -line hus in the -
sense and  is a second point on the desired circle

raw Euclidean segment and construct its Euclidean perpendicular bi-
sector

ssuming is not a vertical line, let ~ be the intersection of lines  and

et  be the Euclidean circle centered at  and passing through and
as well

ircle  is our desired circle See igure 1

onstruct a  -circle, given its center and two points, the distance
between which determines the radius of the circle

n oints , ,and in the oincare half-plane
n T he -circle centered at  with radius , where in the
-sense
raw -segment et -line be the perpendicular bisector of segment
, using onstruction ii above
ropa  -perpendicular from point toline at a point ,using onstruction
above all this line
e ect point about line using onstruction i above et be the image
of this re ection, noting that lies on -line
onstruct the  -circle centered at  with radius , using onstruction
ii above
ircle  has center and radius y construction, See igure 1

20
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igure 1 onstructing  -circle centered at with  -radius in the oincare alf-
plane model

igure 1 onstructing -circle centered at  with -radius congruent to in
the oincare alf-plane model

21
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