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11.2 The Poincaré Map, Homoclinic Tangles and Smale’s Horse-
shoe.

The Lorenz system has two negative and one positive eigenvalues at the ori-
gin, meaning there is a two-dimensional stable manifold and a one-dimensional
unstable manifold. The interesting dynamics of the Lorenz system is due to a
homoclinic loop, where the unstable manifold loops back and becomes part of the
stable manifold. By varying the parameters in the system, this homoclinic loop
(which is itself a periodic orbit) bifurcates into an infinite number of periodic
orbits.

Another important case is a transverse homoclinic orbit when the stable and un-
stable manifolds intersect transversally, that is, the unstable manifold intersects
and crosses the stable manifold. Continuous dynamical systems (e.g. systems of
differential equations, like the Lorenz system) do not have transverse homoclinic
orbits, but the Poincaré map of a periodic orbit for a continuous dynamical sys-
tem may. In fact, the chaotic dynamics of the Hénon map (based on the Poincaré
map for the Lorenz system) is due to the existence of a transverse homoclinic
orbit.

11.3 The Poincaré Map

Henri Poincaré introduced this ”first return” map in 1881 in his study of the
three-body problem in celestial mechanics. If Γ is a periodic orbit of the system

ẋ = f(x),

through the point x
�

, and Σ is a hyperplane perpendicular to Γ at x
�

, then for
any point x near x
�

, the solution curve through x will cross Σ again at a point
P(x), near x
�

. The map
x → P(x)

is called the The Poincaré map for the periodic orbit. Note that since P(x
�

) = x
�

,
x
�

is a fixed point for P.

As before, at any hyperbolic fixed point x
�

for P there are stable and unstable
manifolds for the map P, determined by the eigenvalues and eigenvectors for the
matric DP(x
�

).

Assume that the map P has a hyperbolic fixed point (for simplicity translated
to the origin) whose stable and unstable manifolds intersect transversally at x0.

Since the stable and unstable manifolds are invariant under P, all of the
forward and backwards iterates of x0 must also lie on both the stable and unsta-
ble manifolds. Hence the existance of one transverse homoclinic point implies
the existance of an infinite number of transverse homoclinic points, and these
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points accumulate at the fixed point at the origin. Also, the stable manifold
must accumulate on the unstable manifold and vice-versa. The result is called a
”homoclinic tangle”.

11.4 The Horseshoe Map.

In a homoclinic tangle, a high enough interate of P will be a horseshoe map,
where a set D is mapped into a horseshoe shape that overlaps D. Stephen
Smale introduced the prototypical horseshoe map in 1965, and thus the simplified
horseshoe map illustrated in the following diagram is called ”Smale’s Horseshoe”.
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Smale’s Horseshoe.

The invariant set

Λ =

�⋂
�
=�
�

F
�

(D)

for this map is a Cantor set, with the following properties:

• Λ contains a countable set of periodic orbits of arbitrarily long periods.

• Λ contains an uncountable set of bounded non periodic orbits.

• Λ contains a dense orbit.

Hence, whenever the Poincaré map of a hyperbolic periodic orbit has a tran-
verse homoclinic point, this gives rise to a horseshoe map, which in turn guar-
entees the existance of a strange attractor and chaotic dynamics. Poincaré came
across this chaotic behavior in studying the 3-body problem in 1881 roughly 80
years before the beginnings of modern chaos theory.


