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Abstract

The paper [5] discussed the property suHG (super HG) and showed that it is
consistent with MA(ℵ1) to have a suHG space of uncountable net weight. Here,
we introduce the superduper properties and show that suduHG (superduper HG)
is equivalent to countable net weight. As with the super varieties of the familiar
HG, HS, HL, and HC properties, the suduHG, suduHS, and suduHL properties
are all equivalent, while the property suduHC is strictly weaker than suduHG. We
shall also discuss two parameter and three parameter versions of these notions.

1 Introduction

All topological spaces considered in this paper are T3 (Hausdorff and regular).
The papers [3, 4, 5] discussed the four properties HS, HL, HC, HG, along with their

“strong” versions, stHS, stHL, stHC, stHG, and introduced their “super” versions suHS,
suHL, suHC, suHG. Here, we introduce their “superduper” versions, and consider the
various implications and non-implications among these sixteen properties.

To define our superduper properties, we begin by recalling our definitions from [3, 5]
of HG, suHG, and the notion of a κ-assignment for X:

Definition 1.1 Given a space X, a κ-assignment for X is a sequence Uκ = 〈(xα, Uα) :
α < κ〉, where each Uα is an open subset of X and each xα ∈ Uα. A space X has the
Hereditarily Good (HG) property iff for all ω1-assignments Uω1

for X, ∃α 6= β [xβ ∈
Uα & xα ∈ Uβ]. A space X is super HG (suHG) iff for all ω1-assignments Uω1

for X,
∃J ∈ [ω1]

ℵ1 ∀α, β ∈ J [xα ∈ Uβ] .
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In Section 2, we discuss more general properties such as the κ-HG, which is defined
in terms of a κ-assignment.

Recall from [5] that it is consistent to have a suHG space with uncountable net
weight. The partition in the next definition essentially codes a network for the space:

Definition 1.2 A (T3) space X is superduper HG (suduHG) iff for all κ and all
κ-assignments Uκ there is a partition ϕ : κ→ ω such that

∀α, β < κ [ϕ(α) = ϕ(β) → xα ∈ Uβ]. (†)

Note that to prove a space is suduHG, it suffices to consider all basic κ-assignments:
Given any κ-assignment U , we may interpolate a basic κ-assignment V = {(xα, Vα) :
α < κ} by choosing ∀α < κ and (xα, Uα) ∈ U a basic open Vα with xα ∈ Vα ⊆ Uα.

The partition condition † gets stronger as κ increases. For κ = ω, the partition
function ϕ can simply be the identity. A ϕ : κ = ω1 → ω satisfying † implies that X
is suHG, because some ϕ−1{n} will be uncountable. So any suduHG space X is also
HS and HL, and hence w(X) ≤ 2ℵ0 (because X is separable) and |X| ≤ 2ℵ0 (because
every point is a Gδ). Thus, restricting κ to be at most c = 2ℵ0 = max(w(X), |X|) in
Definition 1.2 would be superfluous: for κ > c, any κ-assignment could be reduced to
a corresponding basic κ′-assignment with κ′ ≤ c and (xα, Uα) 6= (xβ, Uβ) for α 6= β.

Section 2 contains a more detailed discussion of sudu and semi-network properties
obtained by replacing the κ-assignment of Definition 1.2 by a (κ, θ)-assignment and the
countable partition by a λ-valued partition. Proposition 2.3 generalizes the following:

Proposition 1.3 For any (T3) space X, the following are equivalent:
1. X is suduHG. 2. X has countable net weight.

The following uses λ for the network index so that this proof essentially proves
Proposition 2.3 too.
Proof. To prove Proposition 1.3, let λ = ω.

(2) → (1): Let {Nµ : µ ∈ λ} be a network for X. Let 〈(xα, Uα) : α < κ〉 be
a κ-assignment for X. Define ϕ : κ → λ so that each ϕ(α) is some µ such that
xα ∈ Nµ ⊆ Uα. Then whenever ϕ(α) = ϕ(β) = µ, we have xα ∈ Nµ ⊆ Uβ.

(1)→ (2): Let κ ≥ max(|X|, w(X)), and let B be an open base for X with |B| ≤ κ.
Then, consider a monster assignment 〈(xα, Uα) : α < κ〉, where all pairs (x, U) with
x ∈ U ∈ B are listed. Fix ϕ : κ → λ such that ∀α, β < κ [ϕ(α) = ϕ(β) → xα ∈ Uβ].
Define Nµ = {xα : ϕ(α) = µ} for each µ < λ.

The use of a monster assignment to determine ϕ guarantees that N = {Nµ : µ ∈ λ}
is a network for X: Fix U ∈ B and x ∈ U , and then fix α < κ such that x = xα and
U = Uα. Then x = xα ∈ Nµ, for µ = ϕ(α). Also, Nµ ⊆ U , because for any element xβ

of Nµ, we have ϕ(β) = µ = ϕ(α), so that the choice of ϕ gives us xβ ∈ Uα = U . K

We turn now to the remaining superduper properties:
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Definition 1.4 For P = S, L, C, a (T3) space X is superduper HP (suduHP) iff for
all κ and all κ-assignments Uκ there is a partition ϕ : κ → ω such that the following
condition †[P ] holds:

∀α < β < κ [ϕ(α) = ϕ(β) → xα ∈ Uβ]; (†[S])

∀β < α < κ [ϕ(α) = ϕ(β) → xα ∈ Uβ]; (†[L])

∀α, β < κ [ϕ(α) = ϕ(β) → xα ∈ Uβ or xβ ∈ Uα]. (†[C])

Note that † of Definition 1.2 is equivalent to

∀α, β < κ [ϕ(α) = ϕ(β) → xα ∈ Uβ and xβ ∈ Uα], (†[G])

which is obtained by replacing “or” by “and” in †[C].
As with suduHG, taking κ = ω1 shows that for P = S, L, C, each property suduHP

implies the corresponding suHP. Also, each of these suduHP properties implies HS
and HL, and hence for κ > c ≥ max(w(X), |X|), any κ-assignment could be reduced
to a corresponding basic κ′-assignment with κ′ ≤ c with each α 6= β assigned to
(xα, Uα) 6= (xβ, Uβ). We may view suduHS/suduHL as “super-strong” refutations of
the existence of left/right separated sequences.

In contrast to suduHG, a suduHC space need not have countable net weight:

Proposition 1.5 The Sorgenfrey line is suduHC but has net weight 2ℵ0.

Proof. Let X be a Sorgenfrey line.
To prove that X is suduHC: Start with a κ-assignment 〈(xα, Uα) : α < κ〉 for X.

For each α < κ, choose εα > 0 such that [xα, xα + εα) ⊆ Uα. Then, for each α, choose
qα ∈ Q with xα < qα < xα + εα. Define ϕ : κ → Q by ϕ(α) = qα. Now, for any
α, β < κ, if ϕ(α) = ϕ(β) = q and xα ≤ xβ, then xα ≤ xβ < qβ = q = qα < xα+ εα, and
hence xβ ∈ Uα.

To prove that nw(X) = 2ℵ0 : Let N be any network for X. For each x, choose
Nx ∈ N with x ∈ Nx ⊆ [x, x+1). Then x = min(Nx), so the Nx are all different. Thus

|N | = |X| = 2ℵ0 . K

We do not know whether suduHC is equivalent to some well-known topological
property, although the general concept is akin to the set theoretic axiom OSM discussed
by Todorčević (see [12], page 77).

Remarks on superduper properties :
Strengthening super to superduper properties involves stepping up the requirements
on the κ-assignments in two ways:

1. Super says that κ has an uncountable subset that is “nice”, and superduper says
that all of κ can be partitioned into countably many “nice” subsets.
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2. Super has κ = ω1, but superduper lets κ be arbitrary.

If we fix κ = ω1 and only step up our requirements as in (1), we call these the weak
superduper properties, abbreviated as wsudu (see also Definition 2.1). A consistent
example of a space of size and weight ℵ2 that is wsuduHG but not suduHG follows
Lemma 2.4.

Note that (2) was important for the proof of Proposition 1.3.
The fact that HS/HL spaces lack increasing/decreasing ω1-chains of closed sets

guarantees the equivalence of three of the superduper properties:

Proposition 1.6 For any (T3) space X: X is suduHS iff X is suduHL iff X is suduHG
iff nw(X) ≤ ℵ0.

Paper [4] proves the equivalence of the three related super properties, and the following
simply augments that argument.

Proof. Proposition 1.3 states that nw(X) ≤ ℵ0 iff X is suduHG. The fact that
suduHG implies suduHS and suduHL follows easily from the definitions.

To prove suduHS → suduHG: Assume that X is suduHS, and fix an assignment
〈(xα, Uα) : α < κ〉. Then, for each α, fix an open Vα with xα ∈ Vα ⊆ V α ⊆ Uα. Apply

suduHS to partition κ into
⋃̇

mIm such that for all α < β < κ [α, β ∈ Im → xα ∈ Vβ].
On each Im of the partition, to verify the suduHG condition also holds, repeat the

related suHS → suHG argument of [4]: that is, for each α ∈ Im use the HS property
on the chain of closed sets Fm

α := cl{xβ : β < α & β ∈ Im} ⊆ V α to partition Im into⋃̇
nIm,n so that for α, β ∈ Im,n each Fm

α = Fm
β .

The suduHL→ suduHG proof is a similar extension of the suHL→ suHG argument.

K

Figure 1 of this paper stacks our superduper properties on top of Figure 1 of [4].
Each of the possible 16·15 = 240 implications between our 16 varieties HP, stHP, suHP,
and suduHP, for P=G,S,L,C, either is provable in ZFC and follows from the arrows
shown in the picture or is false in some model of ZFC. With a few exceptions, as in [4],
either p 6→ q has a ZFC or CH counterexample, or p→ q is in the transitive closure of
the picture. For example, the Sorgenfrey line shows suHC 6→ stHC, but suHS → stHS
follows from suHS → suHG → stHG → stHS.

The new top level summarizes the implications verified in Propositions 1.5 and 1.6
among suduHG, suduHS, suduHL, and suduHC. The implications within the bottom
three levels of Figure 1 were exhausted in paper [4]; each of the lower 12 · 11 = 132
possible implications was either proved in ZFC or shown to fail in some model of set
theory. Section 4 of [4] discusses additional implications under MA(ℵ1) or PFA; we still
do not know what other implications may be added, in various models of set theory,
to Figure 1.

To finish, consider the arrows between our new sudu level and the lower three levels
of Figure 1. The sudu level is stronger than the super, strong, and bottom levels of
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Figure 1: Summary of Implications
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Figure 1 in two ways:
1. Downward implications: suduHP implies suHP for each of P=G,S,L,C (see our
remark following Definition 1.4). Note, however, that the weakest of the sudu properties
implies none of the eight properties suHG, suHS, suHL, stHG, stHS, stHL, stHC, and
HG on the bottom three levels: each of these eight properties fails for the Sorgenfrey
line, which is suduHC.
2. No upward implications: Under MA + c = ℵ2 the lower three levels are strictly
weaker than the superduper level: our paper [5] produced an example that is suHG
(the strongest property of the lower levels) but not suduHC (the weakest superduper
property).

Question 1.7 Can one prove from CH (or maybe ♦ or ♦+) that there is a suHG space
that is not suduHG?

The above-mentioned example from [5] relied on MA and c = ℵ2 to prove our space is
suHG. The suduHG and suduHC properties are equivalent for the butterfly spaces X
of [5] that have an open base {Un

x : x ∈ X & n ∈ ω} satisfying the symmetry condition
x ∈ Un

y ↔ y ∈ Un
x for each x, y ∈ X. Moreover, Theorem 2.5 of [5] showed that,

assuming CH, every suHG symmetric butterfly example is suduHG.

2 Spectra and Cardinal Functions

Each level of Figure 1 displays relations very similar to the relations between the
cardinal functions hnw = nw, hd, hl, and hc = s illustrated in standard references
(see [1] Exercise 3.12.7(e) or [6] page 15 Fig. 1). The related notions κ-separable
and κ-Lindelöf appear among the basic definitions in [7]. This section begins by briefly
discussing similar generalizations of HG and HC, and then considers (κ, λ) and (κ, θ, λ)
versions of suduHG and related network properties.

One Parameter Properties

Replacing ω1 by an arbitrary infinite cardinal κ in our definitions of properties HC
and HG yields a spectrum of properties, along with their associated cardinal functions.

The property HC and the cardinal function spread (see [7]) naturally lead to the
spectrum of properties κ-HC as κ ranges over infinite cardinals: Call X κ-HC iff given
any κ-assignment Uκ = 〈(xα, Uα) : α < κ〉 ∃α 6= β < κ [xα ∈ Uβ or xβ ∈ Uα]. Note
that restricting the Uα of Uκ to basic open sets would give an equivalent definition.

The property κ-HC gets weaker as κ gets larger. The ω-HC is false of X unless X
is finite. The κ-HC is true of X whenever κ > min(|X|, w(X)), taking all the Uα from
a fixed base for X.

This spectrum of properties suggests that we define the cardinal function ŝ(X) to
be the least κ such that the κ-HC is true of X. So ω1 ≤ ŝ(X) ≤ min(|X|, w(X))+

for infinite X. We put a hat on the s because the standard definition of spread is



2 SPECTRA AND CARDINAL FUNCTIONS 7

s(X) = sup{θ : θ < ŝ(X)}. Then, an infinite X has countable spread iff s(X) = ω

iff ŝ(X) = ω1 iff X is hereditarily ccc. (In fact, [1, 6] use hc for s.) If E is the
Sorgenfrey line, then ŝ(E2) = c

+ > c = s(E2). On the other hand, if c = ωω1
and

there is a first countable Lusin space, then there is a space X with s(X) = c = ŝ(X).
(See [8] §8. On sup 6= max Theorem 8.1.) The Sorgenfrey square Y = E2 and this
sup 6= max example X show that the definition of s(X) is a bit unfortunate: for
limit cardinals κ, the function s need not distinguish between X and Y , even though
κ = ŝ(X) < ŝ(Y ) = κ+.

A similar discussion generalizes HG: Call a spaceX κ-HG iff given any κ-assignment
〈(xα, Uα) : α < κ〉 ∃α 6= β [xα ∈ Uβ and xβ ∈ Uα]. Then define R̂(X) to be the least
κ such that the κ-HG is true of X. For infinite X, κ-HG implies κ-HC, and hence
ω1 ≤ ŝ(X) ≤ R̂(X) ≤ min(|X|, w(X))+. This R̂(X) is related to the cardinal function
R(X) discussed by Hajnal and Juhász [2]; their R(X) is the supremum of all κ for

which the κ-HG is false for X. In the terminology of [2], R̂(X) is the least κ such
that there is no weakly separated subset of X of size κ; see also Tkačenko [11]. Also,

R(X) = ω iff R̂(X) = ω1 iff X has the pointed ccc.

Two or Three Parameter Properties

Here, we consider variations of suduHG that encode network properties. In addition
to listing basic facts about these suduHG and semi-network properties, we give two
and three parameter versions of Proposition 1.3 and the following from [4].

Theorem [4]4.1 (MA(ℵ1)) The properties stHG and suHG are equivalent.

Two Parameter Properties

Proposition 1.3 says a space X is suduHG iff nw(X) = ℵ0. We begin this section
with a variety of suduHG that is almost equivalent to net weight λ.

Definition 2.1 Let κ, λ be infinite cardinals. For P = G,C, a (T3) space X is (κ, λ)-
suduHP iff for all κ-assignments Uκ = 〈(xα, Uα) : α < κ〉 there is a partition ϕ : κ→ λ

such that the following condition †[P, λ] holds:

∀α, β < κ [ϕ(α) = ϕ(β) → xα ∈ Uβ and xβ ∈ Uα], (†[G, λ])

∀α, β < κ [ϕ(α) = ϕ(β) → xα ∈ Uβ or xβ ∈ Uα]. (†[C, λ])

Note that †[G, λ] is equivalent to ∀α, β < κ [ϕ(α) = ϕ(β) → xα, xβ ∈ Uα ∩ Uβ].
Also, as for suduHG, to prove a space is (κ, λ)-suduHG, it suffices to consider all basic
κ-assignments.

The “weak suduHG” mentioned in Section 1 is equivalent to the (ω1, ω)-suduHG.
The κ = ω1 in (κ, ω)-suduHG, as remarked following Definition 1.2, implies that every
weak suduHG space is suHG. A space X has the suduHG of Definition 1.2 iff X is
(κ, ω)-suduHG for all κ.

For a fixed κ, the (κ, λ)-suduHG gets weaker as λ gets larger, and always holds for
λ large enough:
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Lemma 2.2 If λ ≥ min(|X|, w(X), κ) then X is (κ, λ)-suduHG.

Proof. Let 〈(xα, Uα) : α < κ〉 be a basic κ-assignment for X, where the Uα come
from a base B of size w(X). Choose ϕ : κ → λ as follows: If λ ≥ κ, let ϕ(α) = α. If
λ ≥ |X|, let ϕ pigeonhole the xα of the assignment U to the corresponding elements
of an enumeration of X in type |X| ≤ λ. Likewise, if λ ≥ w(X), let ϕ pigeonhole the
Uα of the assignment U to the corresponding elements of an enumeration of B in type

w(X) ≤ λ. K

For a fixed λ, the (κ, λ)-suduHG gets stronger as κ gets larger. For large κ, the
(κ, λ)-suduHG is related to net weight by the following variant of Proposition 1.3:

Proposition 2.3 Let κ, λ be infinite.
Then (2)→ (1); and (1)→ (2) when κ ≥ max(|X|, w(X)):
(1) X is (κ, λ)-suduHG. (2) λ ≥ nw(X).

Note that one cannot drop the assumption that κ ≥ max(|X|, w(X)) when proving
that (1)→ (2). For example, say κ ≤ λ < θ and X is a discrete space of size θ. Then
(1) is trivially true (because κ ≤ λ) but (2) is false (because nw(X) = θ > λ).

To prove that under MA(ℵ1) stHG implies suHG, our [4] Theorem 4.1 used a partial
order (of size ℵ1) that handles pairs (x, U) where U is an open neighborhood of x. A
related result on stHG spaces in Theorem 2.1 of [9] used a partial order handling such
pairs (x, U) and more. The next lemma uses essentially the same Theorem 4.1 partial
order, but now we start with κ pairs (x, U):

Lemma 2.4 If MA(κ) holds and X is stHG then X is (κ, ω)-suduHG.

Proof. Start with a κ-assignment U = 〈(xα, Uα) : α < κ〉 for X. We must find a
ϕ : κ→ ω such that ∀α, β < κ [ϕ(α) = ϕ(β)→ [xα ∈ Uβ and xβ ∈ Uα]].

Let P = {p ∈ [κ]<ℵ0 : ∀α, β ∈ p [xα ∈ Uβ]}, partially ordered by ⊇. As in [4], P has
the ccc because X is stHG. Also, P contains all singletons.

Since |P| = κ, MA(κ) implies that P is σ-centered (see [10], Lemma III.3.46). Thus,
there is a ϕ : κ → ω such that for all n, {{α} : ϕ(α) = n} is centered. So, whenever

ϕ(α) = ϕ(β) = n, the set {α, β} is in P, which implies that xα ∈ Uβ and xβ ∈ Uα. K

So, under MA(ℵ1), the properties stHG and wsuduHG are equivalent. Remark. The
MA + c = ℵ2 non-suduHG example from [5] that Section 1 uses to separate the super
from the superduper levels of Figure 1 was stHG and hence wsuduHG.

Finally, we note that the generalizations of HC and HG introduced in this section
are hereditary and closed under continuous images. See Lemma 2.12.
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Three Parameter Properties

In this section the suduHG varieties and the semi-networks they encode are defined
in terms of three parameters ; the first two are associated with the elements of an
assignment U for a space, with κ ≥ |{x : ∃(x, U) ∈ U}| and θ ≥ |{U : ∃(x, U) ∈ U}|;
the last parameter, λ, corresponds to the size of a partition. Roughly, the associated
semi-network property says that given at most κ points and θ open sets, there is a
family N of size λ that serves as a network for pairs of those points and open sets.

Definition 2.5 Let κ, θ, λ be three infinite cardinals. Then X has the (κ, θ, λ)–SN
(Semi-Network property) iff whenever xα ∈ X and Uβ ⊆ X is open for all α < κ and
β < θ: there exists N = {Nξ : ξ < λ} ⊆ P(X) such that

∀α < κ ∀β < θ [xα ∈ Uβ → ∃ξ < λ [xα ∈ Nξ ⊆ Uβ] ]. (⋆)

Then, X has the (κ, θ, λ)–SCN (Semi-Closed-Network property) iff ⋆ holds for a family
N = {Nξ : ξ < λ} with Nξ a closed subset of X for each ξ < λ.

Note that the definition does not require the xα to be all distinct; likewise, it
allows Uα = Uβ or Nξ = Nµ. So, X has countable net weight iff X has the (κ, θ, λ)–
SN for all infinite κ, θ, λ. It is well-known that for such an X, the network sets can
all be taken to be closed. So, we could say that ∀κ, θ, λ [X has the (κ, θ, λ)–SN] iff
∀κ, θ, λ [X has the (κ, θ, λ)–SCN].

For convenience, we collect the xα, Uβ in a generalization of κ-assignment:

Definition 2.6 Given a space X, a (κ, θ)-assignment for X is a set U = U(κ,θ) =
{(xα, Uβ) : α < κ & β < θ}, where each (xα, Uβ) ∈ U satisfies xα ∈ Uβ and Uβ is an
open subset of X.

Note that a (κ, κ)-assignment reduces to a κ-assignment of Definition 1.1.
For each triple (κ, θ, λ), the property (κ, θ, λ)–SCN implies the (κ, θ, λ)–SN. Next,

we summarize conditions that make (κ, θ, λ)–SN and (κ, θ, λ)–SCN equivalent: (1)
for all topological spaces, or (2) for all triples (κ, θ, λ). Part (1) of Proposition 2.7
specifies which orderings of the cardinals make (κ, θ, λ)–SN imply the (κ, θ, λ)–SCN for
all spaces; part (2) gives a topological property that makes (κ, θ, λ)–SN imply (κ, θ, λ)–
SCN.

Proposition 2.7 For infinite cardinals κ, θ, λ,
1. there exists a space that satisfies the (κ, θ, λ)–SN but not the (κ, θ, λ)–SCN iff

θ ≤ λ < κ;
2. for every perfectly normal space X, for all triples (κ, θ, λ), the (κ, θ, λ)–SN

implies the (κ, θ, λ)–SCN.

The proof follows some more facts about these new properties. Every T3 HL space is
perfectly normal, and hence Proposition 2.7(2) gives us the following:
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Corollary 2.8 For every HG space, the properties (κ, θ, λ)–SN and (κ, θ, λ)–SCN are
equivalent.

The following table summarizes, for the various possible cardinal triples, whether
each of the (κ, θ, λ) semi-network properties always holds or whether the ordering of
the triple admits both examples and counterexamples of the semi-network properties.

ordering κ, θ ≤ λ κ ≤ λ < θ θ ≤ λ < κ κ, θ > λ

(κ, θ, λ)–SCN holds holds example/counterex example/counterex
(κ, θ, λ)–SN holds holds holds example/counterex

Before verifying the table entries, we observe basic facts associated with varying a
single cardinal of a triple (κ, θ, λ). As θ or κ increases, each of the (κ, θ, λ)–SCN and
(κ, θ, λ)–SN gets stronger. Also, each property is as strong as possible either when
κ ≥ |X|, because then the xα for α < κ can enumerate all of X, or when θ ≥ w(X),
because then the Uβ for β < θ can enumerate an open base.

As λ decreases, each of the (κ, θ, λ)–SCN and (κ, θ, λ)–SN gets stronger, because
expanding the set N will not invalidate (⋆) of Definition 2.5. The strongest possible
case is λ = ω. In this case, if κ ≥ |X| and θ ≥ w(X), then each of (κ, θ, ω)–SCN and
(κ, θ, ω)–SN is equivalent to countable net weight.

Finally, we remark that the (κ, θ, λ)–SCN is true in the case that all open sets are
Fσ sets, but not in general. For example, when κ ≥ |X|, the (κ, ω, ω)–SCN holds iff
all open sets are Fσ sets, while the (κ, ω, ω)–SN always holds.

Proof of Table. To verify the five holds table entries, note the following two facts:
θ ≤ λ: The Nξ can enumerate the set {Uβ : β < θ}.
κ ≤ λ: The Nξ can enumerate {{xα} : α < κ}.

Any space of countable net weight provides an example for any (κ, θ, λ).
For counterexamples for κ, θ > λ, use Example 2.9 below to refute the weakest of

these properties, the (λ+, λ+, λ)–SN. Let {xα : α < κ} list the elements of the discrete
D. For any potential Semi-Network N of size at most λ, a pigeonhole argument shows
(⋆) of Definition 2.5 for the (λ+, λ+, λ)–SN property must fail, because the family
{Uβ : β < κ} is pairwise disjoint.

For a counterexample for θ ≤ λ < κ, use Example 2.10 to refute the weakest of
these properties, the (λ+, θ, λ)–SCN. For any potential Semi-Closed -Network N of size
at most λ, let {Nξ : ξ < λ} list the N ∈ N such that N ⊆ Uβ for some β < θ. Then for
each ξ < λ, the ∞ of this one-point compactification is not in Nξ, and hence each of
these closed sets Nξ is finite; so |

⋃
{Nξ : ξ < λ}| ≤ λ. To see that (⋆) may fail, choose,

for α < κ = λ+, points xα to be in
⋃
{Uβ : β < θ} but not in

⋃
{Nξ : ξ < λ}. K

Example 2.9 Let κ = λ+ and give D = κ×κ the discrete topology. Let Uβ = {β}×κ

for β < κ.
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Example 2.10 Let κ = λ+ and let X = D ∪̇ {∞}, where D is the discrete space of
Example 2.9, and X is its one-point compactification. Let Uβ, for β < θ, be pairwise
disjoint subsets of D, each of size κ.

We consider two elementary closure properties which follow from the existence of
isomorphic assignments.

Definition 2.11 Call (κ, θ)-assignments U = {(xα, Uβ) : α < κ & β < θ} for X and
V = {(yα, Vβ) : α < κ & β < θ} for Y isomorphic iff ∀α < κ ∀β < θ [xα ∈ Uβ ↔ yα ∈
Vβ].

So the isomorphism types of assignments for a space determine our semi-network prop-
erties and the properties of varieties in our HC and HG spectrum.

Lemma 2.12 The properties κ-HC and κ-HG, (κ, λ)-suduHC and (κ, λ)-suduHG, and
(κ, θ, λ)–SN are hereditary and closed under continuous images, and the (κ, θ, λ)–SCN
is hereditary.

Proof. Let P denote one of these properties. Assume that Y has property P , and we
wish to prove that X has property P .

Let U = {(xα, Uβ) : α < κ & β < θ} be a (κ, θ)-assignment for X (see Definition
2.6); if P is not a semi-network property, then let θ = κ so that U is a κ-assignment for
X. Any assignment U naturally gives us isomorphic (κ, θ)-assignments V = {(yα, Vβ) :
α < κ & β < θ} for Y :

1. If X ⊆ Y , then for each α < κ, let yα = xα, and for each β < θ choose some
open Vβ ⊆ Y with Vβ ∩X = Uβ.

2. If there is a continuous surjection Γ : Y ։ X, then for each α < κ, choose yα so
that Γ(yα) = xα, and for each β < θ, let Vβ = Γ−1(Uβ).

In either case, if P is not a semi-network property, then the fact that V is isomorphic
to U finishes the proof. If P is a semi-network property, then apply the (κ, θ, λ)–SN
of Y and the (κ, θ, λ)–SCN of Y to the assignment V to get a Semi-Network N and a
Semi-Closed-Network NC of closed sets to satisfy (⋆) of Definition 2.5.

Then, for case (1), let N = X ∩ N̂ for each N̂ ∈ N to prove SN hereditary, and

N = X ∩ N̂ for each N̂ ∈ NC to prove SCN hereditary.

For case (2), let N = Γ(N̂) for each N̂ ∈ N . K

The (κ, θ, λ)–SCN is not in general closed under continuous images. For example,
when κ ≥ |X|, the (κ, ω, ω)–SCN holds iff all open sets are Fσ sets. So, this property
holds for a discrete space of size ℵ1, but not for the ordinal space ω1.

Any space X with |X| ≤ λ has the (κ, θ, λ)–SN, simply collecting singletons to
form the Semi-Network of Definition 2.5. To see that (λ+, λ+, λ)–SN sometimes fails,
we used a discrete space of size λ+ (see Example 2.9). Thus, when κ, θ > λ, the stronger
(κ, θ, λ)–SN also fails for discrete X with |X| > λ. Of course, for discrete spaces the
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SN and SCN are equivalent, because all sets are closed. So our table makes it easy to
see that for discrete X with |X| > λ both the (κ, θ, λ)–SN and the (κ, θ, λ)–SCN fail
iff κ, θ > λ.

If the cardinality of a space X is big enough, then X doesn’t have the (κ, θ, λ)–SN.
As remarked earlier, these network properties are related to HC or HG properties. The
proof of |X| ≤ 22

λ

, where λ = s(X), in [7] (2.9, page 17) shows that any X with
|X| > 22

λ

has (by using the Erdös-Rado Theorem) a discrete subspace of size λ+. To
bound the size of those X that satisfy the (κ, θ, λ)–SN, we use such a discrete subspace.

Proposition 2.13 If |X| ≥ (22
λ

)+, then both the (κ, θ, λ)–SN and the (κ, θ, λ)–SCN
fail for all κ, θ > λ.

This result essentially splits the last column of our table into two separate columns,
based on |X|, with each property (κ, θ, λ)–SN and (κ, θ, λ)–SCN never holding for
|X| ≥ (22

λ

)+.

Proof of Proposition 2.13. If |X| ≥ (22
λ

)+, then X has a discrete subspace of
size λ+. Then, since the SN property is hereditary, the (λ+, λ+, λ)–SN must fail for X.

So for κ, θ > λ, the stronger (κ, θ, λ)–SN and (κ, θ, λ)–SCN also fail. K

Lemma 2.12 already shows parallels between our HG and semi-network properties.
Next, we have our two/three parameter version of Proposition 1.3 :

Lemma 2.14 The (κ, λ)-suduHG is equivalent to the (κ, κ, λ)–SN.

Proof. For the → direction: We are given κ open sets and κ points, and we apply the

(κ, λ)-suduHG to a monster assignment of size κ · κ = κ. K

A special case of this is that a space X has the suduHG iff X is (κ, ω)-suduHG
for all κ iff nw(X) is countable. Also, as we pointed out following Definition 2.1, the
wsuduHG property is equivalent to the (ω1, ω)-suduHG, and any wsuduHG space is
suHG. Then, from Lemma 2.14 and Corollary 2.8, the wsuduHG, the (ω1, ω)-suduHG,
the (ω1, ω1, ω)–SN, and the (ω1, ω1, ω)–SCN are equivalent.

Lemma 2.14 lets us restate Lemma 2.4:

Lemma 2.15 MA(κ) implies that every stHG space X satisfies the (κ, κ, ω)–SN.

Corollary 2.8 also gives also gives us the following:

Corollary 2.16 MA(κ) implies that every stHG space X satisfies the (κ, κ, ω)–SCN.

This corollary lets us state an SCN version of the remark following Lemma 2.4: the
MA+ c = ℵ2 non-suduHG example of [5] was wsuduHG, equivalently, (ω1, ω1, ω)–SCN.

Question 2.17 Is there a level between super and superduper? Does suHG imply the
(ω1, ω1, ω)–SN; that is, does suHG imply the wsuduHG?



2 SPECTRA AND CARDINAL FUNCTIONS 13

The next lemma generalizes the fact that hl(X) ≤ nw(X) for any space X (see [1]
Exercise 3.12.7 or [6] page 15 Fig. 1). For any space X, the hereditary Lindelöf degree
of X is λ, that is, hl(X) = λ, iff every subspace of X is λ–Lindelöf iff any family of
open subsets of X has a subfamily of size at most λ with the same union. Note that if
nw(X) ≤ λ, then (κ, θ, λ)–SN holds for all κ and θ.

Lemma 2.18 If X is (κ, θ, λ)–SN, where κ, θ > λ, then hl(X) ≤ λ.

Proof. If κ, θ > λ and X is (κ, θ, λ)–SN, then X satisfies the weakest version
(λ+, λ+, λ)–SN. Applying Lemma 2.14, we see that X is (λ+, λ)–suduHG and hence

λ+–HG, so that X has no right separated λ+-sequences. K

Lemma 2.18 was the last ingredient needed to prove part (1) of Proposition 2.7. To
prove a Semi-Network yields a Semi-Closed-Network, the following essentially adapts
the proof that a network generates a network of closed sets.

Proof of Proposition 2.7. Suppose κ, θ, λ are infinite cardinals.
(1) : If θ ≤ λ < κ, then the proof of our table uses an example of a space that satisfies
the (κ, θ, λ)–SN but not the (κ, θ, λ)–SCN.

Note that our table summarizes the orderings of κ, θ, λ and the possible behavior
of the (κ, θ, λ)–SN and the (κ, θ, λ)–SCN. In two of the possible orderings, in table
columns with κ ≤ λ, the (κ, θ, λ)–SN and the (κ, θ, λ)–SCN are equivalent. To finish
the proof of (1), we simply show κ, θ > λ gives the same equivalence. As we do so, we
shall also prove (2); that is, we show that the (κ, θ, λ)–SN implies the (κ, θ, λ)–SCN if
(1) κ, θ > λ; or
(2) X is a perfectly normal space.

Suppose the (κ, θ, λ)–SN holds. To prove the (κ, θ, λ)–SCN, we work directly from
Definition 2.5. So, we are given xα ∈ X and open Uβ ⊆ X for α < κ and β < θ, and
we must produce closed Nξ ⊆ X for ξ < λ such that

∀α < κ ∀β < θ [xα ∈ Uβ → ∃ξ < λ [xα ∈ Nξ ⊆ Uβ] ]. (⋆)

For (1), in every regular space, every open set U is a union of a family V of open
subsets V with cl(V ) ⊆ U . By Lemma 2.18, we can always obtain such a family V of
size at most λ.

For (2), recall that a space is perfectly normal iff it is T4 and all open subsets
are Fσ sets. In fact, for each open set U , we may choose closed sets Fn so that
U =

⋃
{Fn : n ∈ ω} and Fn ⊆ Fn+1 for each n ∈ ω. Then, by normality, there are open

sets Vn such that Fn ⊆ Vn ⊆ cl(Vn) ⊆ U , and U =
⋃
{Vn : n ∈ ω}.

For either case, (1) or (2), choose for each β < θ open Vβ,η ⊆ Uβ with η < λ

such that Uβ =
⋃
{Vβ,η : η < λ} and cl(Vβ,η) ⊆ Uβ for each η < λ. Then, apply the

(κ, θ, λ)–SN to choose Mξ ⊆ X for ξ < λ such that

∀α < κ ∀β < θ ∀η < λ [xα ∈ Vβ,η → ∃ξ < λ [xα ∈Mξ ⊆ Vβ,η] ].
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Then, whenever xα ∈ Uβ, there is an η such that xα ∈ Vβ,η ⊆ cl(Vβ,η) ⊆ Uβ, and so
there is a ξ < λ such that xα ∈ cl(Mξ) ⊆ cl(Vβ,η) ⊆ Uβ. It follows that (⋆) holds,

setting Nξ = cl(Mξ). K

Finally, we have our three parameter versions of Proposition 1.3:

Theorem 2.19 The (κ, θ, λ)–suduHG and the (κ, θ, λ)–SN are equivalent.

For large κ and θ, the (κ, λ, θ)-suduHG is related to net weight by the following:

Corollary 2.20 Let κ, θ, λ be infinite.
Then (2)→ (1), and (1)→ (2) when κ ≥ |X|, θ ≥ w(X):
(1) X is (κ, θ, λ)-suduHG. (2) λ ≥ nw(X).

To see that these three parameter results naturally generalize the suduHG and net-
work concepts, we base our (κ, λ, θ)-suduHG definition on the corresponding (κ, θ, λ)–
SN definition, which guarantees a Semi-Network for a collection of points x and open
sets U with x ∈ U . For the (κ, θ, λ)–suduHG, the function ϕ partitions the correspond-
ing family of pairs (x, U), where x ∈ U and U is open.

For convenience, we collect the x, U in a set version of (κ, θ)-assignment:

Definition 2.21 Given a space X, for any Y ⊆ X and family V of open subsets of
X, a (Y,V)–assignment for X is a set E = {(x, U) ∈ Y × V : x ∈ U}.

Note that if |Y | ≤ κ and |V| ≤ κ, then a (Y,V)-assignment for X corresponds to a
κ-assignment of Definition 1.1.

Now we adapt Definition 2.1 to these assignments:

Definition 2.22 Let κ, θ, λ be infinite cardinals. A space X has the (κ, θ, λ)–suduHG
iff: For any Y ⊆ X and family V of open sets, with |Y | ≤ κ and |V| ≤ θ, for all
(Y,V)-assignments E there is a partition ϕ : E → λ such that

∀(x1, U1), (x2, U2) ∈ E [ϕ(x1, U1) = ϕ(x2, U2)→ {x1, x2} ⊆ U1 ∩ U2] . (©)

Remarks. Of course, for some (Y,V)-assignments we may have E = ∅, so that (©)
is trivial, but the definition considers any Y ∈ [X]≤κ and open family V ∈ [P(X)]≤θ.

Definition 2.22 does naturally expand the two parameter version:

Lemma 2.23 For infinite κ, the (κ, λ)-suduHG and (κ, κ, λ)-suduHG are equivalent.

Proof. →: Suppose X has the (κ, λ)–suduHG, Y ⊆ X and V is a family of open
subsets of X, with |Y | ≤ κ and |V| ≤ κ. Suppose E is a (Y,V)-assignment for X.
Let UE = {(xα, Uα) : α < κ} be the corresponding κ-assignment for X. Then the
(κ, λ)-suduHG yields the desired ϕ : E → λ.
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←: Now suppose X has the (κ, κ, λ)–suduHG and U = {(xα, Uα) : α < κ} is a
κ-assignment for X. Let Y = {xα : α < κ} and V = {Uα : α < κ}. Since κ is infinite,
we may expand U to a (Y,V)-assignment E = {(xξ, Uη) : ∃ξ, η < κ [xξ ∈ Uη]}. Then for
ϕ̂ : E → λ that satisfies the (κ, κ, λ)–suduHG (©) condition, simply define ϕ : κ → λ

by ϕ(α) = ϕ̂(xα, Uα). K

We conclude this section with the equivalence of our three parameter suduHG and
Semi-Network properties:

Proof of Theorem 2.19. Suppose Y ⊆ X and V is a family of open subsets of
X, with |Y | ≤ κ and |V| ≤ θ. Let E = {(x, U) ∈ Y × V : x ∈ U} be the corresponding
(Y,V)-assignment.

For (κ, θ, λ)–SN implies (κ, θ, λ)–suduHG: Suppose X has the (κ, θ, λ)–SN. Let
N = {Nξ : ξ < λ} ⊆ P(X) be a Semi-Network for Y and V . Define ϕ : E → λ

satisfying (©) by letting ϕ(x, U) be some ξ such that x ∈ Nξ ⊆ U .
For (κ, θ, λ)–suduHG implies (κ, θ, λ)–SN: Suppose X has the (κ, θ, λ)–suduHG.

Let ϕ : E → λ satisfy condition (©) for the (Y,V)-assignment E . Define Nξ = {x :
∃U [(x, U) ∈ E & ϕ(x, U) = ξ}. Then N = {Nξ : ξ < λ} is the desired Semi-Network

for Y and V . K
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