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Abstract

Assuming the Continuum Hypothesis, there is a compact rst countable
connected space of weight® with no totally disconnected perfect subsets.
Each such space, however, may be destroyed by some properdorg order
which does not add reals.

1 Introduction

All topologies discussed in this paper are assumed to be Hdas. As in [12],

Denition 1.1 A spaceX is weird i X is compact and not scattered, and no
perfect subset oKX is totally disconnected.

A subsetP of X is perfecti P is closed and has no isolated points. As usual,
c denotes the (von Neumann) cardinal @. Big weird spaces (of size°p were
produced from CH in Fedorchuk, Ivanov, and van Mill [10]. Smaweird spaces
(of size@) were constructed from} in [12], which proved:

Theorem 1.2 Assuming} , there is a connected weird space which is hereditarily
separable and hereditarily Lindelsf.

2000 Mathematics Subject Classi cation: Primary 54D05, 0E35. Key Words and Phrases:
connected space, Continuum Hypothesis, proper forcing, reducible map.
YUniversity of Wisconsin, Oshkosh, WI 54901, U.S.A., hartj@wosh.edu
ZUniversity of Wisconsin, Madison, WI 53706, U.S.A., kunen@nath.wisc.edu
*Both authors partially supported by NSF Grant DMS-0456653.



1 INTRODUCTION 2

The weird spaces of [12], [10], and the earlier Fedorchuk @ all separable
spaces of weight@. Our } example is also rst countable, because it is compact
and hereditarily Lindelf. In contrast, the CH weird spacs of [10, 9] have no
convergent! -sequences. We do not know whether CH can replagein Theorem
1.2, but weakening hereditarily Lindelf to rst countable we do get:

Theorem 1.3 Assuming CH, there is a separable rst countable connectecivd
space of weight@.

This theorem cannot be proved by alassical CH construction. Classical CH
arguments build the item of interest directly from an enumeation in type ! ; of
some natural set of size (e.g., R, R* t, etc.). The result, then, is preserved
by any forcing which does not add reals. These arguments inde any CH proof
found in Sierpiski's text [15], as well as most CH proofs ithe current literature,
including the constructions of the big weird spaces of [9, L0In contrast, every
space satisfying Theorem 1.3 is destroyed by some propercing order which
does not add reals.

Our proof of Theorem 1.3 uses classical CH arguments to makeweird, but
then, to make X rst countable, we adapt the method of Gregory [11] and Dewut
and Shelah [2]. The methods of [11] and [2] are, as Hellstenjttithen, and Shelah
[13] pointed out, essentially the same. We review the methad Section 2, and
use it to prove Theorem 1.3 in Section 4. Although [11] and [2lerive results
from 2@ < 2@ for Theorem 1.3, we need CH; Section 5 explains why.

In Section 3, we show that each space satisfying Theorem 1ahde destroyed
by a proper forcing which does not add reals; ¥ [G], we add a point of uncount-
able character. More precisely, iX is a compactum inV, then in each generic
extensionV[G], we still have the same seK with the natural topology obtained
by using the open sets fronV as a base. IX is rst countable in V, then it must
remain rst countable in V[G], but X need not be compact inV[G]. We get the
point of uncountable character in the natural correspondig compactspaceX in
V[G]. This compact space determined by was described by Bandlow [1] (and
later in [3, 4, 6]), and can be de ned as follows:

De nition 1.4 If X is a compactum inV and V[G] is a forcing extension ofV,
then in V[G] the corresponding compactung is characterized by:

1. X is dense inX.
2. Everyf 2 C(X;[0;1])\ V extends to anf€2 C(X; [0;1]) in V[G].
3. The functionsf€ (for f 2 V) separate the points of€.

In forcing, X denotes theX of V[G], while X denotes theX of V[G].
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For example, ifX is the [0 1] of V, then X will be the unit interval of V[G];
note that in statement (2), asserted inV[G], the \[0; 1]" really refers to the unit
interval of V[G]. If in V, we haveX [0;1], then X is simply the closure ofX
in the [0;1] of V[G]. Ifin V, X is the Stone space of a boolean algebBa then
X will be the Stone space, computed iV [G], of the sameB. In general, the
weights of X and X will be the same (assuming that cardinals are not collapsed)
but their characters need not be.

Following Eisworth and Roitman [8, 7], we call a partial ordeP totally proper
I P is proper and forcing with it does not add reals.

Theorem 1.5 If X is compact, connected, and in nite, andX does not have a
Cantor subset, then for some totally propeP: p \X is not rst countable”.

The proof is in Section 3. Observe the importance of connedty here. Sup-
pose inV that X is the double arrow space, obtained from {@] by doubling the
points of (0;1). Then in any V[G], X is the compactum obtained from [01] by
doubling the points of (Q 1)\ V, and is hence rst countable.

2 Predictors

In the following, denotes the set of functions fromh into . Something like
the next de nition and theorem is implicit in both of [11, 2]:

De nition 2.1 Let ; beanycardinalsand: <:! _Iff2 '1 g2 'z

andC !4, then ;f predictgonCi g()=( f )foral 2 C. is a

(; ){predictori forall g2 't thereis anf 2 't and a clubC such that
;f predict g on C.

Theorem 2.2 The following are equivalent whenevex cand?2 C:

1. There is a(; ){predictor.
2. There is a(c; ¢){predictor.

3.2@ =2@,
Proof. (3)! (1): LetC=1!,n!. List 'tasfg : < og, and choosd 2 ':
sothatthef !, for < ¢ are all distinct. Then we candene : < t! SO
that (f )=g()forall 2C.

(1)! (2): Fixa(; ){predictor : <1l  Weshalldene :( ')<t!

( ')sothatitisa ( '; '){predictor in the sense of De nition 2.1. Forp2 ( ')
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andn2!,denepn 2 by pm( )=(p( ))(n)2 . Then,forp2 ( '),
dene (p)= (pn):n2! 2 '°

(2)! (3): Fix a (cofpredictor : c*+! c Let : ¢+ ¢! cbhe
any 1-1 function. IfK ! ;is unbounded and <! 4, let next( ; K ) be the least
element ofK which is greater than .

For eachB 2 ¢'t, chooseG(n;B);F(n;B) 2 ¢t and clubsC(n;B) !, for
n2 ! asfollows: LetG(0;B) = B. Given G(n;B), let C(n;B) be club of limit
ordinals and letF (n;B) 2 ¢ * be such that G(n;B))( )= (( F(n;B)) ) for
all 2 C(n;B). Then dene G(n+1;B) so that

(G(n+1;B))( )= F(n;B) next(;C(n;B)); G(n;B) next(;C(n;B))

for each .
Now, x B:B%2 ¢ t, and consider the statement:

8n2! G(n;B) = G(n;BY (P())

So,P (0) is true trivially, and P ( ) implies P ( ) whenever < . We shall prove
inductively that P (1) impliesP ( ) forall <! ;. If we do this, thenP (1) will
imply B = B% so we shall have @ = 2@ since there are & possible values for
B but only 2@ possible values for the sequend¢G(n;B))(0): n 2 !i.

The induction is trivial at limits, so it is su cient to X with 1 <!
assumeP (), and proveP ( +1) |thatis, ( G(n;B))( )= (G(n;B9Y)( ) for all
n. Fix n. For < ,wehave G(n+1;B))( )=(G(n+1;B9%)( ), which implies:

a. next( ;C (n;B)) = next( ;C (n;B9); call this
b. F(n;B) = F(n;BY
c. G(n;B) = G(n;BY

Applying (a) forall < : 2C(n;B)i 2C(n;BY.If 2 C(n;B);C(n;B9,
then x with with < < ; now (c) implies G(n;B))( ) = (G(n;BY)( ).
If 2 C(n;B);C(n;BY, then is a limit ordinal and (b) implies F(n;B) =
F(n;BY ;now (G(n;B))( )= (G(nBY( )= (( F(mB)) ). K

The non-existence of a (22){predictor is the weak version of} discussed by
Devlin and Shelah in [2], where they use it to prove that, assuing 2@ < 2@,
every ladder system onl ; has a non-uniformizable coloring. By Shelah [14]
(p. 196), each such coloring may be uniformized in some tdgalproper forcing
extension.

A direct proof of (3) ! (2), resembling the above proof of (3) (1), would
obtain C xed at ! ; nf0g, since one may choose the so that the f (0), for

< ¢, are all distinct. Gregory [11] used the failure of (2), withthis specic C,
to derive a result about trees under @ < 2@; see Theorem 3.14 below.
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3 Some Totally Proper Orders

We considerforcing posets (P; ; ), where is a transitive and re exive relation
onP and is a largest element oP. As usual, ifp; g2 P, then p 6?q means that
p; g are compatible (that is, have a common extension), and ? q means that
p; g are incompatible.

De nition 3.1  Assume thatX is compact, connected, and in nite. LetK = Ky
be the forcing poset consisting of all closed, connected hite subsets of X , with
p qi p gand x=X.InK,denep.lLqi p\qg=;.

Note that p? gqi p\ qis totally disconnected. The stronger relatiorp .LL q
will be useful in the proof thatK is totally proper wheneverX does not have a
Cantor subset. First, we verify thatK is separative; this follows easily from the
following lemma, which is probably well-known; a proof is ifil2]:

Lemma 3.2 If P is compact, connected, and in nite, andU P is a nonempty
open set, then there is a closed U such thatR is connected and in nite.

In particular, in K, if p6 g, then we may apply this lemma withU = pnqto
getr pwith r ? g, proving the following:

Corollary 3.3 If X is compact, connected, and in nite, thenKy is separative
and atomless.

We collect some useful properties of the relatioflL, on K in the following:

De nition 3.4 A binary relation Eon a forcing poset is astrong incompatibility
relation i

1. pEqgimpliesp? g
2. Wheneverp ? q, there arep;;qp withp; p, @ g, and p; Et.

3. pEA&p. p&a q! pEG.

This de nition does not require Eto be symmetric, but note that the relation
p Eq & qEp is symmetric and is also a strong incompatibility relation.
Lemma 3.5 The relation .IL, is a strong incompatibility relation onKy .

Proof. Conditions (1) and (3) are obvious. For (2): Suppose thap ? g. Let
F = p\ g, which is totally disconnected. Then by Lemma 3.2 there is aim nite

connectedp; pnF. Likewise, we gety  gnF. K
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De nition 3.6 If P is a forcing poset with a strong incompatibility relationg

then a strong Cantor treein P (with respect top) is a subseffps:s2 2 g P

such thateaclps. <psfor =0;1, and eachps. ¢ Eps. 1. Then, P has theweak
Cantor tree property (WCTP) (with respect top) i wheneverfps:s22< g P

is a strong Cantor tree, there is at least oné 2 2' such thatP contains some
g= ¢ withg pf, foreachn2!.

Note that if P has the WCTP, then the set off for which ¢ is de ned must
meet every perfect subset of the Cantor set 2 since otherwise we could nd a
subtree of the given Cantor tree which contradicts the WCTP.

Lemma 3.7 If X is compact, connected, and in nite, andX does not have a
Cantor subset, therKyx has the WCTP.

De nition 3.8 P has theCantor tree property (CTP) i P has the WCTP with
respect to the usuaP relation.

Kx need not have the CTP (see Theorem 5.4). A countably clos@&lclearly
has the CTP. In the case of trees, the CTP was also discussed[18] (where it
was called \@ fan closed") and in [12]. The following modi es Lemma 3 of [13
and Lemma 5.5 of [12]:

Lemma 3.9 If P has the WCTP, thenP is totally proper.

Proof. Dene q °pi thereisno r such thatr gandr ? p. WhenP is
separative, this is equivalent togq p.

Fix a suitably large regular cardinal , and letM  H( ) be countable with
(P, ; ;B2M,and x p2 P\ M. Itsuces (see [8])to nda g p such
that wheneverA P is a maximal antichain andA 2 M, there isanr 2 A\ M
with g ©°r. If P has an atomqg p such that q 2 M, then we are done.
Otherwise, then sinceM  H( ), P must be atomless below. LetfA,:n2!g
list all the maximal antichains which are inM. Build a strong Cantor tree
fps:s22% g P\ M suchthat,py p, and suchthat, whenn2 ! ands2 2",
ps extends some element ok, \ M. Then choose 2 2' such that there is some

g2 Pwith q pr,foreachn2!. K

Pr?of of Theorem 1.5. Let P = Kx. Working in V[G], let G°= fp: p2 Gg;
en G°= fyg for somey 2 ¥ nX. SinceP does not add! {sequences,
E % fygwheneverE is a countable subset o6°. Thus, (y;X)is uncountable.

K

These totally proper partial orders yield natural weakenigs of PFA:
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De nition 3.10 If P is a class of forcing posets, theMAp (@) is the statement
that wheneverP 2 P and D is a family of @, dense subsets d?, then there is
a Iter on P meeting eachD 2D.

TriVia”y, PFA ! MAwctp (@) ' MActp (@), but in fact MA WCTP (@) $
MAcre (@) (see Lemma 3.13). Also, MAp (@) ! 2@ = 2@ (see Corollary
3.15), so, the natural iteration of (totally proper) CTP orders with countable
supports must introduce reals at limit stages. By the proof foTheorem 5.9 in
[12], PFA does not follow from MAsre (@) + MA( @) + 2@ = @, which in fact
can be obtained by ccc forcing ovet.

We now consider some CTP trees.

De nition 3.11 Order <tby:p qi p ¢ Let =, the empty sequence.

So, < tis atree, with the root at the top. Viewed as a forcing order, it is
equivalent to countable partial functions from! ; to . We often viewp2 <t
as a countable sequence and let b= dom(p). Then Ih( ) =0.

Kurepa showed that SH is equivalent to the non-existence olilin trees. A
similar proof shows that MActp (@) is equivalent to the non-existence of Gregory
trees:

De nition 3.12 A Gregory treeis a forcing posetP which is a subtree ot *
and satis es:

1. P has the CTP.
2. P is atomless.
3. P has no uncountable chains.

It is easily seen that if any of conditions (1)(2)(3) are droped, such trees may
be constructed in ZFC. However:

Lemma 3.13 The following are equivalent:

1. MAcre (@).

2. MAwcre (@).
3. There are no Gregory trees.
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Proof. (1)! (3): Let P be a Gregory tree. As with Suslin trees under MA@),
a Iter G meeting the setdD :=fp2 P:Ih(p) g yields an uncountable chain,
and hence a contradiction, but to apply MA+tr (@), we must prove that eachD
is dense inP. To do this, induct on . The case =0 is trivial. For the successor
stages, use the fact thaP is atomless. For the limit stages, use the CTP.

3)! (2): Fix P with the WCTP and dense setd Pfor <! ;. We need
to produce a lter G P meeting eachD . This is trivial if P has an atom, so
assume thatP is atomless.

Inductively de ne a subtree T of 2 * together with a function F : T ! P
as follows: F( )= p. Ift2 TandIh(t)= ,thent-02 T andt-12 T,
and F(t- 0), F(t- 1) are extensions ofF(t) such that eachF(t-i) 2 D and
F(t- 0) E F(t- 1); to accomplish this, givent and F(t): rst choose two ?
extensions ofF (t), then extend these to bes and then extend these to be ID .
If <! ;is alimit ordinal and Ih(t) = ,thent2 Ti 8 < [t 2 T]and
992 P8 < [q F(t )]; then chooseF (t) to be some sucly.

T is clearly atomless, andl' has the CTP becausé® has the WCTP. If there
are no Gregory trees, thefl has an uncountable chain, so xg2 2't such that

g 2Tforall <! ;,andletG=fy2P:9 <! [F(g ) vylg K

Theorem 3.14 (Gregory [11]) If 2@ < 2@ then there is a Gregory tree.

Corollary 3.15 MActe (@) implies that 2@ = 2@,

4 A Weird Space

We now prove Theorem 1.3. The basic construction is an inverémit in ! ; steps,
and we follow approximately the terminology in [5, 12]. We hbild a compact space
Xi, [0;1] * by constructing inductively X [0; 11" = [0;1] [0;1] . Usually,

one hasX [0; 1] in these constructions, but for nite , the notation will be

slightly simpler if we start at stage 0 withX , = [0; 1] = [0; 1J*; of course, 1+ =

for in nite

De nition 4.1 [0 1 [0; 11" is the natural projection.
As usual, : X Y means that is a continuous map from X onto Y.
These constructions always have (X )= X whenever O 1. This

determinesX for limit , so the meat of the construction involves describing
how to build X ,; given X .
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A classical CH argument can ensure thaX,, is weird, but by Theorem 1.5,
such an argument cannot makeX,, rst countable. However, the same classical
argument will let us construct a binary tree of spaces, redulg in a weird space
Xg [0;1] * for eachg 2 2't. We shall show that if noX 4 were rst countable,
then there would be a ¢; 2){predictor :[0 ;1]¥ *! 2;so CH ensures that some
Xg4 is rst countable.

Our tree will give us anX, for eachp 2 2 't. We now list requirements
(R1)(R2)(R3) (R17) on the construction; a proof that all the requirementsan
be satis ed, and that they yield a weird space, concludes thisection. We begin
with the requirements involving the inverse limit:

R1. X =[0;1], where is the empty sequence.
R2. X, is an in nite closed connected subspace of;[0]**N(P).
R3. X,:X, X, ,andis irreducible, whenever = Ih(p)

When =Ih(p) !, is alimit, (R2)(R3) force:

Xp=1x2[0;1] :8< [ (X)2X, ]9 : ()
To simplify notation for the restricted projection maps, weshall use:
Denition 4.2 If =Ih(p) andr=p ,dene P= Xp: Xp  X;.

As in [12], each ofX, o and X, ; is obtained from X, as the graph of a
\sin(1=x)" curve. We choosehg; uq, and vy forn<! andq?2 2<' 1 of successor
length, satisfying, fori =0; 1:

R4. u, i 2 Xpandhp ; 2 C(Xynfu, ig; [0;1]) and X, = hy_ ;.
R5. vp ; 2 Xpnfu, jg, andhvg ; :n21il uy , and all points of [Q 1] are
limit points of hhy_i(vp ;) :n2!i.

As usual, we identifyh,_; with its graph. So, if = Ih( p), then X_; is a subset of
[0; 1]**  [0; 1], which we identify with [0; 1]** *!. We shall say that the pointuy_ ;
gets expandedin the passage fromX, to X,_;; the other points get xed. (R3)
follows from (R4) plus ( ). Also, if < ,then [ :X, X, ,and(} ) *fxg
is a singleton unlesx is in the countable setf E (Up (+1)) - < 0.

We now explain how points inXy  [0;1]* can predict g, in the sense of

De nition 2.1. We shall get A, and B, for g 2 2 * of successor length, satisfying:
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R6. Fori =0;1: Ay i;Bp.i XpandAp ;= X,nBy ;.
R7. Fori=0;1and < lh(p): Api () "(Ap(+)
R8. By o\ Bp 1= ;

RO. Fori =0;1:up i 2 By .

Observe that some care must be exercised here in the induetigonstruction;
otherwise, at some stage (R7) might imply thatA, ; = X, so that B, ; = ;,
making (R9) impossible.

(R6)(R7)(R9) imply that points in A,_; are forever xed in the passage from
X, to any future X4 with g  p-i; only points in B,_; can get expanded. Points
which are forever xed must wind up having countable charaer, and (R8) lets
us use a point of uncountable character iiX4 to predict g:

Lemma 4.3 Assume that we hav¢R1 { R9), and assume thal® < 2@ Then
Xg is rst countable for someg 2 2':.

Proof. We shalldene :[0;1]¥ :! 2, and prove that is a ( ¢ 2){predictor
if every X4 contains a point of uncountable character.
Say Ihp) = <! ;and < . If x 2 By X, then, by (R6)(R7),
(X) 2 Bp(+y Xp . Applying (R8), if x 2 [0;1[** andx 2 B, i\ B,_j,
thenp=r andi = j; to prove this, consider the least <  such thatp( ) 6 r( ).

Set (x) =0iflh(x) <! . Now, sayx 2 [0;1] , where! <! ; (so
1+ = ). Ifthereexistp2 2 andi 2 2 such thatx 2 B_;, then thesep;i are
unique, and set (x) = i. If there are no suchp;i, then set ( x) =0.

Now, assume that for eacly, we can ndz = z; 2 X4 with (z;Xg) = @. Let
C =!.n!'. We shall show that ;zpredictgonC. For 2 C,letp-i =g ( +1).
Thenz = $(z) 2 X,, andz must be inB,,_;, since if it were inA,_;, then

(9 X 92)=fzg, sothat (z;Xg)= @. Thus, (z )=i=g() K

Since everyXq clearly has weight@, we are done if we can make every 4
weird. Since points inA,_; are forever xed, we must make sure tha#\,_; has no
Cantor subsets. Conditions (R6)(R8) say thatA, o[ Ap. 1 = Xp, SOA, ( and
Ay 1 must be Bernstein sets. Note that Conditi(§1 (R7) may presena problem
at limit stages. When |h(p) = we haveA,_ | < (5 ) Y(Ap(+y). Points
in Ap ( +1) are forever xed, so each (j ) 1(SA\p( +1y) Will have no Cantor sub-
sets. Without further requirements, though, _ ( g ) (A, ( +1) may contain
a Cantor subset. So, we make sure each such union is disjoirirh some set in a
tree of Bernstein sets:
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De nition 4.4  For any topological space& andp 2 2 1, a Bernstein tree inY
rooted in p is a family of subsets off, fD9:qg pg, satisfying:

1. For eachq, neither D9 nor YnDY contains a Cantor subset.
2. EachD% %\ D%+ 1=
3.Ifr qgthenD" DA

Note that if Y itself does not contain a Cantor subset, then (1) is trivialand
we may take allD9 = ; to satisfy (2) and (3).
Now, in our construction, we also buildDj forq p2 2 1 satisfying:

R10. For eachp 2 2 t: fDJ:q pgis a Bernstein tree inX, rooted in p.

R11. Ifq p rand = P:X, X,andx 2 X,with ( (x)) = fxg,
thenx 2 DJi  (x) 2 D

R12. Foreachp2 2< *andi2 2: B, ;= Df "andA, ; = X,nD} .

Of course, (R12) simply de nesA, i in terms of the DJ, and then (R10)
guarantees that noA, ; has a Cantor subset, but we need to verify that the
conditions (R1 { R12) can indeed be satis ed. First, three esy lemmas about
Bernstein trees. A standard inductive construction inc steps shows:

Lemma 4.5 If Y is a separable metric space, then there is a Bernstein tree in
Y rooted in

Using the fact that every uncountable Borel subset of the Caor set contains
a perfect subset, we get:

Lemma 4.6 Assume thatY is any topological spaceZ is a Borel subset ofY,
andfD%:q pgis a family of subsets ofy satisfying (2)(3) of De nition 4.4.
Then fDY : g pgis a Bernstein tree inY i both fD9\ Z : g pgis a
Bernstein tree inZ andfD%Z : q pg is a Bernstein tree inYnZ.

Combining these two lemmas:
Lemma 4.7 If Y is a separable metric spaceZ is a Borel subset ofY, and
fE9:q pgis a Bernstein tree inZ rooted in p, then there is a Bernstein tree

fDY9:g pgin Y rooted in p such that eachD9\ Z = E“.

Returning to the construction:
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Lemma 4.8 There existX, for p2 2 't satisfying Conditions(R1 { R12).

Proof. We start with X =[0; 1], and we obtain theD“ by applying Lemma 4.5.

If =1Ih(p) > 0 and we have done the construction fgp for all < Ih(p),
then X, is determined either by (R4) when Ihp) is a successor or by () when
Ih(p) is a limit. If <! ;, we construct theDJ to satisfy (R10)(R11) as follows:
For < ,use for . LetZ = fx2 Xp: Y (x)) = fxgg, and let
Z = _ Z. Observe thatZ and all the Z are Borel sets. LetfEJ:q pg
be the Bernstein tree inZ rooted in p de ned by saying that forx 2 Z : x 2 E]
[ (x) 2 DS . Note that, by (R11) applied inductively, this is independat of
which is used. To obtain theDJ from the EJ, apply Lemma 4.7. Note that, by
(R11) applied inductively once again, thes® J work for X,

The Ap_ i and B, ; (for i = 0;1) are now de ned by (R12), and we must
verify that this de nition satis es (R7): Assume that < Ih(p)= andx 2 X,
and (x) 2 Ap ( +1). We must show thatx 2 Ay_; equivalently, by (R12), that
x2DB ' Now (x) 2 Ap(+ impliesthat *( (x)) = fxg (using (R4 { R9)
inductively), so that x 2 D} b (x) 2 DS‘ ' By (R10) for p and De nition
4.43),0% " DPU™ . SoA; (4 = X, nDP Y gives us (R7).

Since theB_; are nonempty, there is no problem choosing the, i, vj i,

and h,_; to satisfy (R4)(R5)(R9), and then the X,_; are de ned by (R4). K

Finally, we must make eachX y weird. Observe:

Lemma 4.9 Conditions (R1 { R5) imply that if F X, is closed and connected
then ( J) 1(F) is connected for allq p.

Now, we shall make sure that wheneveF is a perfect subset ofXy, there
is some <! ; such that ( g( +1)) Yfug(+ng [0;1]) F (recall that our
construction gave usfug ( +1y9  [0;1]  Xg(+1) Xy [0;1]) . By Lemma
4.9, this implies thatF is not totally disconnected. The argument in [12] obtained
this by using} to capture F. Here, we replace this use gf by a classical CH
argument. First, as in [12], constructF,, for p2 2< * so that:

R13. F, is a countable family of uncountable closed subsets X¥f,.

R14. IfF 2F,andq pthen( J) (F)2F,.

R15. For eachF 2 Fy, eitheru, { 2 F, oru, ; 2 F andvy ; 2 F for all but
nitely many n.

R16.fupig [0;1]2 Fp_i.
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We may satisfy (R13)(R14)(R16) simply by de ning

Fp= ( 5 ) fupsy : < Ih(p)g :
Requirements (R4)(R14)(R15) imply:

Lemma 4.10 J:( ) }(F) F isirreducible whenevelF 2F,andq p.

Then, we use CH rather than} to get:

R17. Wheneverp 2 2< * and F is an uncountable closed subset of,, there is a

with Ih(p) < <! ; such that for all g < p with Ih(g) = and for each

X2fug o;Ug 19[fvg;:n2! &i2 2g, the projections = [ satisfy
(x)2 Fandj I (x)j=1.

Proof of Theorem 1.3. Assuming that we can obtain (R1 { R17), note that
eachX is separable, because eaclf : Xy, X s irreducible. Then, to nish,
by Lemma 4.3, it su ces to show that eachXy is weird. Fix a perfectH  Xg;
we shall show that it is not totally disconnected. First, x <! ; such that, if
we setp=g andF = J3(H), then F is perfect (the set of all such form
a club). Then, x > as in (R17), letgq= g , andleti = g( ), so that
¢i=g ( +1). Let K =( ) Y(F). Then ¢(H) K, and this inclusion may
well be proper. Howeverpg ; 2 3(H)andvg ; 2 g(H) for eachn 2 ! because

(ug )2 Fand (vg;)2Fandj *( (ugi))i=j *( (vqg)i=1. Itfollows
(using (R5)) that E := fug g [0;1] cg,r i(H). SinceE 2 F4 ; by (R16) and
H maps ontoE, Lemma 4.10 implies that (g ;) *(E) H. Since (¢ ;) *(E)
is connected by Lemma 4.9+ cannot be totally disconnected.

Next, to obtain conditions (R1 { R17), we must augment the prof of Lemma
4.8: Fix in advance amap from! nfOgonto!; !4, suchthat < whenever

()=(; )- Now, given X, use CH and letfF? : <! ;g be a listing of all
uncountable closed subsets of,. Whenever 0< <! j;and ( )=(; )and

Ih(q) = ,wemaysetp=q andF =FP X,. Itis sucientto show how to
accomplish (R17) with these specic; ;p;q;F .
Choose a perfecK  F which is disjoint from f § 7 (ug ( +1)) : < g

Then Jis1-1on(J) *(K), sochoosingallg j andvg ;in( J) *(K)will ensure
(R17). Now x i 2 2, and write u and v" for ugq_; and vg ;. To ensure (R15) and
(R9), we modify the argument of [12]. Lef Q" : n 2 ! glist F4. Let d be a metric
on ( J) *(K). For eachs 2 2¢ , choose a perfects ( J) *(K). Make these

into a tree, in the sense that eaclhs o\ Lg 1 = ;, each diam{s) 2 ' and
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Ls 0o LsandLs ;1 Ls. Also make sure that whenever Irg) = n + 1 we have
either Lg q.“ orLs\ Q"= ;. Letv[s- '] be any pointinLs 'nLs. Forf 2 2",
let fulflg= ,L¢n. Foranyf 2 2',if we setu= u[f]Jandv" = v[f (n+1)],
then (R15) will hold. Now, (R9) requiresu 2 B4 ;. SinceBg_ ; is a Bernstein set
andfu[f]:f 2 2 gis a Cantor set, we may choosk so thatu[f] 2 Bq_ ;. K

If H Xq4 is closed and for some initial segmerp = g the projection
a(H) 2 Fy, thgn, .by irreducib.ility, H=(39) o g(H))., so that HisaG . To
make X4 hereditarily Lindel®f, it su ces to capture projections for each closed

H Xy this way, but it is not clear whether this can be done without 8ing} .

5 Remarks and Examples

One cannot replace \CH" by \2@ < 2@" in the statement of Theorem 1.3, since
by Proposition 5.3, it is consistent with any cardinal arithmetic that every non-
scattered compactum of weight less than contains a copy of the Cantor set. As
usual, de ne

De nition 5.1  cov(M ) is the least such thatR is the union of meager sets.

Note that cov(M ) is the least such that MA( ) for countable partial orders
fails. Using this, we easily see:

Lemma5.2 If < cov(M) and E [0; 1] is meager for each < |, then
[0;1ln _ E contains a copy of the Cantor set.

Proposition 5.3 If X is compact and not scattered, an#/(X) < cov(M ), then
X contains a copy of the Cantor set.

Proof. ReplacingX by a subspace, we may assume that we have an irreducible

map :X  [0;1]. Let B be an open base foX with jBj < cov(M ) and ; 6 B.
WheneverU;V 2 B with U\ V = ;, let Eyv = (U)\ (V). Then Eyy

[0; 1] is nowhere dense becauseis irreducible. Applying Lemma 5.2, letK

[0; 1] be a copy of the Cantor set disjoint from all théz ;.. Note thatj fygj=1

forally 2 K. Thus, %K) is homeomorphic toK . K

Note that one can force \coviM ) = ¢' by adding c Cohen reals, which does not
change cardinal arithmetic, but in the statement of Proposion 5.3, \cov(M )"
cannot be replaced by £'. If CH holds in V, then one may forcecto be arbitrarily
large by adding random reals, andany random real extensionV[G] will have
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a compact non-scattered space of weigl@® which does not contain a Cantor
subset. In fact, Dow and Fremlin [4] show that ifX is a compact F-space i/,
then in a random real extensionV[G], the corresponding compact spac¥ has
no convergent! {sequences, and hence no Cantor subsets.

The weird space constructed in [12] also failed to satisfy ¢hCSWP (the
complex version of the Stone{Weierstrass Theorem). Usinhe method there, we
can modify the proof of Theorem 1.3 to get:

Theorem 5.4 Assuming CH, there is a separable rst countable connecteeiva
spaceX of weight@ such thatX fails the CSWP andKy fails the CTP.

Proof. First, in the proof of Theorem 1.3, replace [0l] by D, the closed unit
disc in the complex plane, so that we may viewX as a subspace of the®{
dimensional polydisc. Then, as in [12], by carefully choog the functionsh,_;,
one can ensure that the restriction toX of the natural analog of the disc algebra
refutes the CSWP ofX . To refute the CTP, construct in D a Cantor treefps :
s22%g Kg such qqat eachps is a wedge of the disc with center 0 and
radius 2 "®); then each ,, pr n = f0g. Then, since we may assume the point
0 is not expanded in the construction oK , the inverse images of thes yield a

counterexample to the CTP ofKy. K
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