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Abstract

We construct, assuming Jensen's principle} , a one-dimensional locally
connected hereditarily separable continuum without convegent sequences.

1 Introduction

All topologies discussed in this paper are assumed to be Hdas. A continuum
is any compact connected space. Aontrivial convergent sequencés a convergent
I {sequence of distinct points. As usual, dinX) is the covering dimension ofX ;
for details, see Engelking [5]. \HS" abbreviates \hereditdly separable”. We shall
prove:

Theorem 1.1 Assuming} , there is a locally connected HS continuurd such that
dim(Z) =1 and Z has no nontrivial convergent sequences.

Note that points in Z must have uncountable character, so thaZ is not heredi-
tarily Lindelf; thus, Z is an S-space.

Spaces with some of these features are well-known from thterdature. A compact
F-space has no nontrivial convergent sequences. Such a sgpaean be a continuum;
for example, theCech remainder [0; 1)n[0; 1) is connected, although not locally con-
nected; more generally, no in nite compact F-space can betleér locally connected
or HS. In [13], van Mill constructs, under the Continuum Hyp¢thesis, a locally con-
nected continuum with no nontrivial convergent sequencesVan Mill's example,
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constructed as an inverse limit of Hilbert cubes, is in nitedimensional. Here, we
shall replace the Hilbert cubes by one-dimensional Peanontioua (i.e., connected,
locally connected, compact metric spaces) to obtain a onétensional limit space.
Our Z = Z,, will be the limit of an inverse systemhZz : <! ;i. EachZ will
be a copy of theMenger spongdg11] (or Menger curve)MS; this one-dimensional
Peano continuum has homogeneity properties similar to thesof the Hilbert cube.
The basic properties oMS are summarized in Section 2, and Theorem 1.1 is proved
in Section 3.

The Menger Sponge
thanx to
http://www.joachim-reichel.de/

In [13], as well as in earlier work by Fedorchuk [7] and van Daen and Fleiss-
ner [3], one kills all possible nontrivial convergent sequees in! ; steps. Here, we
focus primarily on obtaining an S-space, modifying the cotraiction of the original
Fedorchuk S-space [6]; we follow the exposition in [4], wieethe lack of convergent
sequences occurs only as an afterthought.

We do not know whether one can obtainZ so that it satises Theorem 1.1
with the stronger property ind(Z) = 1; that is, the open U  Z with @Uzero-
dimensional form a base. In fact, we can easily modify our cgtruction to ensure
that 1 =dim( Z) < ind(Z) = 1 ; this will hold because (as in [4]) we can givEé the
additional property that all perfect subsets areG sets; see Section 5 for details.

We can show that aZ satisfying Theorem 1.1 cannot have the property that the
openU Z with @Uscattered form a base; see Theorem 4.12 in Section 4. This
strengthening of ind¢Z) = 1 is satis ed by some well-known Peano continua. It is
also satis ed by the space produced in [8] under by an inductive construction
related to the one we describe here, but the space of [8] wag loxally connected,
and it had nontrivial convergent sequences (in fact, it wasdreditarily Lindelef).
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2 On Sponges

The Menger spongeMS [11] is obtained by drilling holes through the cube [AF,
analogously to the way that one obtains the middle-third Cator set by removing
intervals from [0; 1]. The paper of Mayer, Oversteegen, and Tymchatyn [12] has a
precise de nition of MS and discusses its basic properties. Many pictures IS are
available on line, if you google \Menger sponge".

In proving theorems aboutMS, one often refers not to its de nition, but to the
following theorem of R. D. Anderson [1, 2] (or, see [12]), wiii characterizesMS.
This theorem will be used to verify inductively thatZ = MS. The fact that MS
satis es the stated conditions is easily seen from its de tion, but it is not trivial to
prove that they characterizeMS.

Theorem 2.1 MS is, up to homeomorphism, the only one-dimensional Peano eon
tinuum with no locally separating points and no non-empty ghar open sets.

Here,C X is locally separatingi, for some connected opend X, the set
U n C is not connected. A pointx is locally separating i fxg is. This notion
is applied in the Homeomorphism Extension Theorem of Mayef)versteegen, and
Tymchatyn [12]:

Theorem 2.2 Let K and L be closed, non-locally-separating subsets Mt and let
h:K L be a homeomorphism. Theh extends to a homeomorphism dflS onto
itself.

The non-locally-separating sets have the following closuiproperty of Kline [9]
(or, see Theorem 2.2 of [12]):

S
Theorem 2.3 Let X be compact and locally connected, and I&t = fK;:i 2! g,
whereK and theK; are closed subsets of. If K is locally separating then som&;
is locally separating.

For example, these results imply that inMS, all convergent sequences are equiv-
alent. More precisely, points inMS are not locally separating, so iffix; : i 2 i
converges tox, , then fx; : i ! gis not locally separating. Thus, ifhs;i and ht;i
are nontrivial convergent sequences NS, with limit points s, andt, , respectively,
then there is a homeomorphism oS onto itself that maps s; to t; for eachi ! .

The following consequence of Theorem 2.1 was noted by Prajd] (see p. 657).

Lemma 2.4 LetJ MS be a non-locally-separating arc and obtaiMS=J by col-
lapsingJ to a point. Then MS=J = MS and the natural map : MS MS=J is
monotone.
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Here, a mapf : Y X is called monotonei each f fxg is connected; so,
the monotonicity in Lemma 2.4 is obvious. WherX;Y are compact, monotonicity
implies that f (U) is connected whenevel) is a connected open or closed subset
of X.

We shall use these results to show that the property of being Menger sponge
will be preserved at the limit stages of our construction:

Lemma 2.5 Suppose that is a countable limit ordinal andZ is an inverse limit
ofZ : < i, where all bonding maps are monotone and eaclZz = MS. Then
Z = MS.

Proof. We verify the conditions of Theorem 2.1. dind ) = 1, since this property
is preserved by inverse limits of compacta, and is locally connected because the
are monotone. So, we need to verify thaf has no locally separating points and
no non-empty planar open sets.
Suppose thatq2 Z is locally separating; so we have a connected neighborhood

U of qwith Unfgg not connected. ShrinkingU, we may assume that) = () (V),

where < and V is open and connected inZ . SinceZ = MS, (Q) is

not locally separating, sovnf (q)g is connected. Then, since is monotone,

( ) Yvnf (gg)=Un( ) (ggis connected. The same argument shows
at Un( ) ¥ (qgg is connected whenever < . But then Unfqg =
fun( ) ¥ (9g: < (gis connected also.

Suppose thatU  Z is open and non-empty; we show that) is not planar.

Shrinking U, we may assume thatJ = () (V), where < and V is open in

Z . SinceZ = MS, there is aKs setF V; thatis, F consists of 5 distinct points

Po; P1; P2; Ps; P4 together with arcsJ;; with endpoints p;;p, for0 i<j< 5, where

the setsJ;; nfp;;pg, for0 i<j< 5, are pairwise disjoint. NowF is not planar,

and, one can show that ( ) %(F) is not planar either. To do this, use the fact that
is monotone, so that the sets () fpgand () (J;;) are all continua.

The following terminology was used also in the exposition if#] of the Fedorchuk
S-space:

De nition 2.6 Let F be a family of subsets oK. Then x 2 X is a strong limit
point of F i for all neighborhoods U of x, there is anF 2 F such thatF U and
X2F.

In practice, we shall only use this notion when the elementd & are closed. If
all elements ofF are singletons, this reduces to the usual notion of a point lng a
limit point of a set of points.

Themap *:Z .5 Z wil always be obtained by collapsing a non-locally-
separating arc inZ ,; to a point. We obtain it using:
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Lemma 2.7 Assume thatX = MSand thatforn 2 !, F,, is a family of non-locally-
separating closed subsets of. Fix t 2 X such thatt is a strong limit point of each
F,. Then there is aY = MS and a monotone :Y X such that ftgis a
non-locally-separating arc inY, j fxgj=1 for all x 6 t, and, for eachn and each
y2 tg: yis a strong limit point of f (F):F 2F,g.

Proof. First, let fA, : n 2 ! g partition ! into disjoint in nite sets. In X, choose
disjoint closedF; 63t fori 2 ! such that F; 2 F,, wheneveri 2 A,, and sucg that
every neighborhood of contains all but nitely many of the F;. LetL = ftg[ F;.
Then L is closed and non-locally-separating by Theorem 2.3.

Now, in MS, let J be any non-locally-separating arc. Choose disjoint closedn-
locally separating set$5; fori 2 ! such that eachG; = F;, every neighborhood ofl
contains all but nitely many G;, eachG;\ J = ;, and for eachn and eachy 2 J:
y is a strong limit point of fG; : i 2 AnQ.

Let : MS MS=J be the usual projection, and let J] denote the point to
which collagses the setl. Then MS=J = MS by Lemma 2.4. In MS=], let
K=fJlg] f (G):i2!g Leth:K L be a homeomorphism such that
h([J]) = t and eachh( (Gj)) = F;. By Theorem 2.2,h extends to a homeomorphism
R:MS=J X.

Now, letY = MSandlet =8 . @

The next lemma will simplify somewhat the description of ouinverse limit:

Lemma 2.8 In Lemma 2.7, we may obtainy X [0;1], with @Y X the
natural projection.

Proof. Start with any Y; ;t satisfying Lemma 2.7, and let] :=  ftg. Apply
the Tietze Extension Theorem to xf :Y [0; 1] such thatf J : J [0;1] is
a homeomorphism. Theny 7! ( (y);f (y)) is one-to-one onY, and hence¥ :=
f( (y);f(y):y2Yg X [0;1] satises Lemma 2.8.

The following additional property of our will be useful:

Lemma 2.9 Lettand :Y X beasinlLemma 2.7 or 2.8. Assume thdd X
is closed and nowhere dense and not locally separating. Thert(H) Y is closed
and nowhere dense and not locally separating.

Proof. }(H) is closed and nowhere dense becausés continuous and irreducible.
Also note that  1(H) is not locally separating if eitherH = ftg (trivially) or t 2 H
(because is a homeomorphism in a neighborhood of 1(H)).

Next, note that every closedK  H is non-locally-separating inX: If not, let
U X be connected and open withUnK not connected, so thatUnK = Wy [ Wy,
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where theW,; are open inX , non-empty, and disjoint. ThenUnH = WonH [ W;nH,
but H is not locally separating, so one of th&/inH = ;, soW; H, contradicting
H being nowheresdense.

Now, letH =_ ., K,, where eachK,, is closed and eitheiK, = ftgort 2 K.

Then I(H)= }(K ), which is not locally separating by Theorem 2.3!

n

3 The Inverse Limit

We shall obtain our spaceZ = Z,, as an inverse limit of a sequencZ : <! ji.
As with many such constructions, it is somewhat simpler to ew the Z concretely
as subsets of cubes, so that the bonding maps are just projects. Thus, we shall
have:

Conditions 3.1 We obtainZ for l;and ; for I ;1 such that:
Cl. EachZ is a closed subset dIS [0;1] , and Zo = MS.

C2. For 'y, :MS [0;1] MS [0;1] is the natural projection.
C3. (Z )= Z whenever I,

C4. Z is homeomorphic toMS whenever <! ;.

C5. The maps = Z . Z Z , for I 1, are monotone.

Using (C1,C2,C3), the construction is determined at limit adinals; (C4) is pre-
served by Lemma 2.5 and (C5). It remains to explain how, givead for <! ;, we
obtainZ ,; Z [0;1]; as usual, we identifyMS [0; 1] ** with MS [0;1] [0;1].

We now add:

Conditions 3.2 We haveq andt for < <! ; such that:

C6. Eachhg : < i is a sequence of points iMS [0;1] .

C7. Wheneverhg : <! i is any sequence of points iMS [0;1], f <! ;:
8 < ['%q)= q]lgis stationary.

C8. Whenever < landz2 Z :Ifq 22Z forall < andzis a limit
point of hg : < i, then all points of ( ) fzg are strong limit points of
f( ) fag: < g

Co9.t 2Z,andforalz2 z: ( *) fzgis a singleton ifz 6 t and a
non-locally-separating arc ifz=t .

C10.t = o® whenever > Oandq® 2 Z .
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Proof of Theorem 1.1. The fact that one may obtain (C1 { C10) has already
been outlined above. (C6,C7) are possible by, and (C10) is just a de nition.
(C8,C9) are obtained by induction on . For the successor step, we must obtain
Z , fromZ using Lemmas 2.7 and 2.8. Here&X = Z ,Y = Z ,;,andt=1 ; the
F, list all sets of the formF :=f( ) fqg: < & q 2 Z gsuch that
andt is a strong limit point of F . Observe that (C8) for (; + 1) is immediate
from (C8) for (; ) exceptfor the points of Z ,; in (') ft g. Also observe
that in order to apply Lemmas 2.7 and 2.8, we must check by indtion on , using
Lemma 2.9, that the sets ( ) f g g are non-locally-separating (and nowhere dense)
inZ .

Note that (z;Z) = @ for all z 2 Z; this follows from (C9,C10) and the fact,
using (C7), thatf <! ;: '1(z)=t gis unbounded in! ;.

Z is HS by (C6,C7,C8,C1,C2,C3): If not, suppose thabg : <! ;i is left-
separated inZ. As in [4], we get a clubC !, such that forall 2 C,

c 'xq): < ) <!
Fix 2 Csuchthat8 < ['t(gq)= q] Letz= "'1(q). Applying (C8)
with = !, we have inZ: all points of ( 't) fzg are strong limit points of

f( ') fgg: < g Inparticular, q is alimit pointof hq : < i, contradicting
\left-separated”.

Similarly, Z has no non-trivial convergent sequences: Suppose thgit! o in
Z, where theq for | are distinct. Letq = g when! < <! 4, and apply
(C7) to get with ! < <! ; such thatthe 'i(q) for I are distinct points
and8 < ['i(q)=q]. Letz= 'i(q). Then all points of ( '*) fzg are strong
limit points of f( 't) fgqg: < gandhence also of( ') fg'g:n<! g. So,
all points of ( 't) fzg are limit points of fg" : n 2 ! g. Sincefgg$ ( ') fzg
(by (q:;2Z2)= @), we contradictq"! ¢ .

4 The Almost Clopen Algebra

We show here (Theorem 4.12) that a spacé satisfying Theorem 1.1 cannot have a
base of open sets with scattered boundaries; equivalentlyecause there are no non-
trivial convergent sequences) with nite boundaries. We st note that if there were
such a base, we could take the basic open sktdo be regular, since@int(cl( U)))

@U To simplify notation, we de ne:

De nition 4.1  ro(X) denotes the algebra of regular open subsetsxafand acl(X)
(the almost clopensets) denotes the family of regular open setd such that @ Uis
nite. For U 2 ro(X), let Ut denote the boolean compleme(X nU) .
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Note that aclX) is a boolean subalgebra afo(X): If U 2 acX) and W = Uf{,
then @W= @UsoW 2 ac(X). Also, if U;V 2 ackX)andW =U*V =U\ V2
ro(X), then W 2 ac(X) because@W) @U)[ @V).

In a locally connected space, the connected components of @men setU are
open; ifV is any such component, ther@V @U(becauseV is relatively clopen in
U), soV 2 aclX) wheneverU 2 aclX). Thus,

Lemma 4.2 If X is locally connected andaclX) is a local base afp 2 X, then
fU2ackX):p2 U & U is connectedy is also a local base ap.

Various LOTS sums have bases of almost clopen sets. This igdy for example,
for any compact hedgehog consisting of a central point pluskatrarily many LOTS
spines. The assumption of no convergent sequences, howepats some restrictions
on the space. In particular, the hedgehog fails the follongnlemma (taking U to be
X and letting s be the central point):

Lemma 4.3 Assume thatX is compact and locally connected, and has no non-
trivial convergent sequences. Fix an oped with @U nite, and x a nite s U.
Then Uns has nitely many components.

Proof. Assume thatV,, for n <! | are dierent components ofUns. Choose
Xn 2 V,. Then the limit points of fx, : n 2 ! g must lie in @Uns) @y s.
Thus, fx, : n 2 ! g has nitely many limit points, which is impossible if X has no
nontrivial convergent sequence

We now look more closely at the locally separating points; #t is, the points
p 2 X such that Unfpg is not connected for some open connectédl3 p.

Denition 44 If p2 U X, thenc(p; V) is the number of components dinf pg.

Lemma 4.5 Assume thatX is compact and locally connected. Fip 2 X and open
connectedU;V with p2 U V. Then:

1. Every component ofVnfpg is a subset of exactly one component binf pg.

2. 1f VU, thenc(p;V) c(p;V).

3. If acX) is a local base afp and X has no nontrivial convergent sequences,
then c(p; U) is nite.

Proof. (1) is immediate from the fact that if W is a component ofVnfpg then
W is connected andW  Unfpg. For (2), use the fact that every component of
Unfpg must meetV becauseU is connected, so that (1) provides a map from the
components ofV nf pg onto the components ofunfpg. For (3), chooseV 2 aclX)
with p2 V U, and apply (2) and Lemma 4.3.

The next lemma is trivial, but useful when@ Uis nite.
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Lemma 4.6 Suppose thatt X is connected,U X is open, and@U E = ;.
ThenE UorE\ U=;.

Proof. U\ E = U\ E is relatively clopen inE, soU\ E is eitherE or ;. ©

Lemma 4.7 Assume thatX is compact and locally connectedyclX) is a local base
at p2 X, and X has no nontrivial convergent sequences. Then there is an2 !
such thatc(p; U) n for all open connectedJ 3 p.

Proof. If this fails, then applying Lemma 4.5, we may x open conneed U, 3 p
forn2! suchthaty, U; U; U, and2 cp;W)<c(p;U)< . Then,
we may de ne a subtreeT ! < and open connectedVs for s2 T and ks 2 ! nfOg
fors2 T as follows:

1. W, is the component ofp in X.

2. If In(s) = n, then kg is the number of components o, nf pg which are subsets
of W, and these components are listed d8Vs ; : i <k ¢Q.

3.5i12Ti s2Tandi<ks.

Item (1) is a bit arti cial, but it gives T aroot node (). For the levels below the root,
note that jT\ ! "1j = ¢(p;U,), and the W for s 2 T\ ! "1 |ist the components
of Uynfpg. Let P(T) = ff 21" :8n[f n 2 T]g be the set of paths throughT.

Since every node iflT has at least one child,jP(T)j is either @ or 22. Note that

cl(Ws i) Ws|[f pg, since ifn =1Ih(s) > 0 andq 2 cl(Ws_)nfpg, then g and the

points of WS—T must aII]-IieE the same component ot, infpg, which is Ws.

LletH = U, = U, ThenH is a connected close& containing p, and
H must b? in nite, since p musg have uncountable character. For each 2 P(T),
let K¢ = ,cl(W; n) = fpg[ |, W; . Then the K are connected and in nite,

sincef pg cannot be a decreasing intersection &f in nite closed sets (or there would
be a convergent sequence). Observe thit \ Ky = fpg wheneverf 6 g. Thus,
if p2 V 2 ac(X) then Ky V for all but nitely many f 2 P(T), sinceKy V
wheneverK; \ @V= ; by Lemma 4.6. Now letf;, fori 2 ! be distinct elements
of P(T), and chooseg 2 K; nfpg. Then every neighborhood op contains all but
nitely many g, so theq converge top, a contradiction.

De nition 4.8  Assume thatX is compact and locally connectedaclX) is a base
for X, and X has no nontrivial convergent sequences. Then for eapt2 X, de ne
c(p) 2 ! to be the largest(p; U) among all open connected 3 p.

By a standard chaining argument:
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Lemma 4.9 Assume thatX is compact and locally connected andclX) is a base
for X . Fix a connected opeiJ X and a compact U. Then there is a connected
V 2 ac(X) suchthatF Vv V U.

Proof. Let G= fW 2 ackX):;6 W U & W is connecteg. Then > G=U.
View G as an undirected graph, by putting an edge betwee,; andW, i W;\ W, 6
;. Then Gis connected as a graph becauskis connected and the components @
yield topological components ofJ. Fix a nite & 9{/ such thatg %@Then
X a nite connected G with G G; G . LetV= G =int(cl( G)).

Lemma 4.10 Assume thatX is compact and locally connectedicX ) is a base for
X, and X has no nontrivial convergent sequences. Then there is noseace of open
setshU, : n 2 !i such thatU,,; $ U, for all n and U,nU,,1 is connected for all
evenn.

Proof. Given such a sequence, choosg 2 U,nU,,1, and let y be a limit point

of fxom : m2 1g. Sincehx,, : m 2 1'i cannot converge toy, x a connected

W 2 aclX) and disjoint innite A;B f 2m : m 2 ! g such that x, 2 W for all

n2Aandx, 2W forall n2 B. Since@Wis nite, we may also assume (shrinking
A; B if necessary) that@W (U,nU,.1) = ; foralln 2 A[ B. Then, by Lemma 4.6,
UpnUpyy W foralln 2 A and (UpnUny )\ W = ; for all n 2 B. But then, for

n 2 B, the connectedW is partitioned into the disjoint open setsW \ U,.1, W nU,,

both of which are non-empty whem > min(A).

Lemma 4.11 Assume thatX is compact and locally connectedicX ) is a base for
X, and X has no nontrivial convergent sequences. Then every nonléed point in
X is locally separating.

Proof. Suppose we have a non-isolatg@which is not locally separating; sdJnfpg
is connected wheneveU is open and connected. Then inductively construdt,, for
n 2! such that

EachU, is open andp 2 U,.

EachUp. $ U,.

U,nU,.; is connected wheneven is even.
EachU, 2 aclX).

U, is connected for all evem.

ok wnhe

Then (1)(2)(3) contradict Lemma 4.10.
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To construct the U,,: Let Uy 2 acX) be such thatp 2 Uy and Uy is connected
and not clopen. GivenU,, wheren is even, we constructU,.; and U, as follows:

Say@W=fg :j<r g; of courser and thed depend onn. For eachj, choose
VI 2 ac(X) be such thatg 2 VI, p Zcl(V!), and V! is connected. Also make
sure that the Vi~ are disjoint; then Vi\ @ = fgg. Let fW/ : i< cliglist the
components ofVinfgg; so 2 d <! . Then W, is connected and@yW\ W/ = ;,
soW! U,orW'\ U, =;;sayWw U, fori<dl andW \ U, = ; for
d i<cl;sol d <cl. Choosey! 2 W/. Now U, is connected andp is not
locally separating, soU,nfpg is connected. Applying Lemma 4.9, x a connected
R 2 ac(X)gsuch thatfy] :j<r &i< dig R R Unfpg. Let S be the nite
unionR[ fW/ :j<r & i<dl/g. Then S is open and connectedp 2 S, and each
g 2S. Let Uyy1 = UynS=U,nS. Thenp2 Upyy 2 ackX), and U,nU,41 = S'is
connected. Also, eaclyy 2 U,,; becauseU,,1 \ VI = ;,sothatU,; U,.

Now, choose a connected,,, 2 ackX)sothatp2 Uysz  Unsz $ Upis. @

Theorem 4.12 If X is in nite, compact, locally connected, andac(X) is a base for
X, then X has a nontrivial convergent sequence.

Proof. Suppose not. Fix any non-isolateg 2 X ; then p is locally separating by
Lemma 4.11, sa(p) 2 (see De nition 4.8). Fix a connectedJ 2 aclX) such that
p2 U andc(p;U) = c(p). Let W;, for i< c(p) be the components olUnfpg. Then
c(p; V) = c(p) wheneverV 2 ackX)and p2 V U; furthermore, the components
of Vnfpg are the setswW; \ V fori<c(p).
Let Y = cl(Wp). Then aclY) is a base forY, Y is locally connected, andY

has no nontrivial convergent sequences. Furthermore,2_Y and p is not locally
separating inY, contradicting Lemma 4.11 applied toY . @

5 FRurther Remarks

We note that in constructing a locally connected compactunthe monotone bonding
maps, as used also by van Mill [13], are inevitable:

Remark 5.1 Assume thatX [0;1] * is compact and locally connected. De ne

X = '1(X) [0;1] . ThenthereisaclubC !, suchthatX is locally connected
forall 2 C, and such that := X is monotone whenever < and ; 2

Proof. Let B be the family of all connected opefr subsets ofX. Then B is a base
for X. For <! 4, letB bethe family ofallopenU X suchthat( ') *(U) 2B.
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Observe that eachU 2 B is connected. Put 2 Ci B is a base forX . Then C
is club.

Now, it is su cient to show that ( '*) fxgis connected Whene\ier 2C apdx 2
X . ChooseU, 2B with x2 U, Uy foralln2! andfxg= U, = U,.
Each ( ') 1(U,)isin B, soit and its closure are connected, and cl({*) *(Un+1))
('") Y(Upsr) (') YU,), sothat ( '1) fxgis the decreasing intersection of the
connected closed sets cl({*) (U,)), and is hence connected

We do not know if conditions (C1 { C10) in Section 3 determinenid(Z), but a
minor addition to the construction will ensure thatZ does not have smaltrans nite
inductive dimension that s, trind( Z) = 1 (and hence indgZ) = 1 ). The trans nite
inductive dimension trind is the natural generalization ofind; see [5].

Theorem 5.2 Assuming} , there is a locally connected HS continuurd such that
dim(zZ)=1, trind(Z) = 1 , and Z has no nontrivial convergent sequences.

To do this, we make sure that all perfect subsets at® sets. Observe that by local
connectedness, every non-empty clos€l contains a non-empty connected closed
G subset, which in ourZ cannot be a singleton. So, no non-empty closéd can
have dimension O.

Lemma 5.3 Assume thatX is compact, connected, and in nite, and all perfect
subsets ofX are G sets. Assume also that(x; X ) > @ for all x 2 X, and that in

X, every non-empty close® set contains a non-empty closed connect&l subset.
Thentrind(X)= 1.

Proof. We prove by induction on ordinals that : [trind( X) ] for all such
X . This is obvious for = 0. Assume > 0 and the inductive hypothesis holds for
all ordinals < . Suppose that trind(X) . Then there is a regular open set)
suchthatU 6 ;, U8 X, and trind(@Y= < . LetV = XnU;thenU andV are
perfect, so@U= U\ V is aG , and hence contains a non-empty closed connected
G subsetY. Then trind(Y) trind(@V . SinceY satis es the conditions of

the lemma, this is a contradiction.

By the same argument, this space iweird in the sense of [8]; that is, no perfect
subset is totally disconnected.

To construct our Z so that perfect sets areG , we observe rst that if Q
MS [0;1] : is perfect, thenC := f <! ;: '1(Q) is perfecygis a club. One might
then use} , as in [4], to capture perfect subsets &, but this is not necessary, since
we already know thatZ is HS, and we are already capturing countable sequences.
Thus, we get:



REFERENCES 13

Conditions 5.4 We haveP andP for <! ; such that:

Cl1.P =cl(Z \f g":n 2! g) whenever I and this set is perfect; otherwise,
P =2Z.
Ci2.P =f( ) Y(P): g.

C13. ** (( ™) ¥P) : ( ) ¥P) P isirreducible for eachP 2 P .

Proof of Theorem 5.2. To obtain these conditions, note that (C13) is trivial
for P unlesst 2 P. If t 2 P, then, sinceP is perfect, we may choose a sequence
of distinct points hp, : n 2 !i from Pnft g converging tot . Then, while we are
accomplishing (C8), we make sure that all points of (*1) ft g are (strong) limit
points of the set of singletonsf(  *') fp,g:n 2! g; this implies irreducibility.

Now, we prove by induction on that « )Yy :()w) P
is irreducible for eachP 2 P . Then, if Q Z is perfect, we use HS and (C7) to x
some <! j;suchthatP = ':(Q)andP is perfect. Irreducibility then implies

that Q=( ') (P ), whichisaG .

Finally, we remark that our spaceZ is dissipatedin the sense of [10], since in
the inverse limit, only one pointt gets expanded in passing frord to Z .;; the
inverse projection of every other point is a singleton. As jried out in [10], this is
also true of the original Fedorchuk S-space [6], where oneimiot got expanded to
a pair of points; here, and in [8] and van Mill [13]f gets expanded to an interval.
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