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Abstract

We construct, assuming Jensen's principle} , a one-dimensional locally
connected hereditarily separable continuum without convergent sequences.

1 Introduction

All topologies discussed in this paper are assumed to be Hausdor�. A continuum
is any compact connected space. Anontrivial convergent sequenceis a convergent
! {sequence of distinct points. As usual, dim(X ) is the covering dimension ofX ;
for details, see Engelking [5]. \HS" abbreviates \hereditarily separable". We shall
prove:

Theorem 1.1 Assuming} , there is a locally connected HS continuumZ such that
dim(Z ) = 1 and Z has no nontrivial convergent sequences.

Note that points in Z must have uncountable character, so thatZ is not heredi-
tarily Lindel•of; thus, Z is an S-space.

Spaces with some of these features are well-known from the literature. A compact
F-space has no nontrivial convergent sequences. Such a space can be a continuum;
for example, the�Cech remainder� [0; 1)n[0; 1) is connected, although not locally con-
nected; more generally, no in�nite compact F-space can be either locally connected
or HS. In [13], van Mill constructs, under the Continuum Hypothesis, a locally con-
nected continuum with no nontrivial convergent sequences.Van Mill's example,
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constructed as an inverse limit of Hilbert cubes, is in�nitedimensional. Here, we
shall replace the Hilbert cubes by one-dimensional Peano continua (i.e., connected,
locally connected, compact metric spaces) to obtain a one-dimensional limit space.
Our Z = Z ! 1 will be the limit of an inverse systemhZ � : � < ! 1i . Each Z � will
be a copy of theMenger sponge[11] (or Menger curve)MS; this one-dimensional
Peano continuum has homogeneity properties similar to those of the Hilbert cube.
The basic properties ofMS are summarized in Section 2, and Theorem 1.1 is proved
in Section 3.

The Menger Sponge
thanx to
http://www.joachim-reichel.de/

In [13], as well as in earlier work by Fedorchuk [7] and van Douwen and Fleiss-
ner [3], one kills all possible nontrivial convergent sequences in! 1 steps. Here, we
focus primarily on obtaining an S-space, modifying the construction of the original
Fedorchuk S-space [6]; we follow the exposition in [4], where the lack of convergent
sequences occurs only as an afterthought.

We do not know whether one can obtainZ so that it satis�es Theorem 1.1
with the stronger property ind(Z ) = 1; that is, the open U � Z with @Uzero-
dimensional form a base. In fact, we can easily modify our construction to ensure
that 1 = dim( Z ) < ind(Z ) = 1 ; this will hold because (as in [4]) we can giveZ the
additional property that all perfect subsets areG� sets; see Section 5 for details.

We can show that aZ satisfying Theorem 1.1 cannot have the property that the
open U � Z with @Uscattered form a base; see Theorem 4.12 in Section 4. This
strengthening of ind(Z ) = 1 is satis�ed by some well-known Peano continua. It is
also satis�ed by the space produced in [8] under} by an inductive construction
related to the one we describe here, but the space of [8] was not locally connected,
and it had nontrivial convergent sequences (in fact, it was hereditarily Lindel•of).
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2 On Sponges

The Menger spongeMS [11] is obtained by drilling holes through the cube [0; 1]3,
analogously to the way that one obtains the middle-third Cantor set by removing
intervals from [0; 1]. The paper of Mayer, Oversteegen, and Tymchatyn [12] has a
precise de�nition of MS and discusses its basic properties. Many pictures ofMS are
available on line, if you google \Menger sponge".

In proving theorems aboutMS, one often refers not to its de�nition, but to the
following theorem of R. D. Anderson [1, 2] (or, see [12]), which characterizesMS.
This theorem will be used to verify inductively that Z �

�= MS. The fact that MS
satis�es the stated conditions is easily seen from its de�nition, but it is not trivial to
prove that they characterizeMS.

Theorem 2.1 MS is, up to homeomorphism, the only one-dimensional Peano con-
tinuum with no locally separating points and no non-empty planar open sets.

Here, C � X is locally separatingi�, for some connected openU � X , the set
U n C is not connected. A point x is locally separating i� f xg is. This notion
is applied in the Homeomorphism Extension Theorem of Mayer,Oversteegen, and
Tymchatyn [12]:

Theorem 2.2 Let K and L be closed, non-locally-separating subsets ofMS and let
h : K � L be a homeomorphism. Thenh extends to a homeomorphism ofMS onto
itself.

The non-locally-separating sets have the following closure property of Kline [9]
(or, see Theorem 2.2 of [12]):

Theorem 2.3 Let X be compact and locally connected, and letK =
S

f K i : i 2 ! g,
whereK and theK i are closed subsets ofX . If K is locally separating then someK i

is locally separating.

For example, these results imply that inMS, all convergent sequences are equiv-
alent. More precisely, points inMS are not locally separating, so ifhx i : i 2 ! i
converges tox! , then f x i : i � ! g is not locally separating. Thus, ifhsi i and ht i i
are nontrivial convergent sequences inMS, with limit points s! and t ! , respectively,
then there is a homeomorphism ofMS onto itself that maps si to t i for eachi � ! .

The following consequence of Theorem 2.1 was noted by Prajs [14] (see p. 657).

Lemma 2.4 Let J � MS be a non-locally-separating arc and obtainMS=J by col-
lapsing J to a point. Then MS=J �= MS and the natural map� : MS � MS=J is
monotone.
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Here, a mapf : Y � X is called monotone i� each f � 1f xg is connected; so,
the monotonicity in Lemma 2.4 is obvious. WhenX; Y are compact, monotonicity
implies that f � 1(U) is connected wheneverU is a connected open or closed subset
of X .

We shall use these results to show that the property of being aMenger sponge
will be preserved at the limit stages of our construction:

Lemma 2.5 Suppose that
 is a countable limit ordinal andZ 
 is an inverse limit
of hZ � : � < 
 i , where all bonding maps� �

� are monotone and eachZ �
�= MS. Then

Z 

�= MS.

Proof. We verify the conditions of Theorem 2.1. dim(Z 
 ) = 1, since this property
is preserved by inverse limits of compacta, andZ 
 is locally connected because the
� �

� are monotone. So, we need to verify thatZ 
 has no locally separating points and
no non-empty planar open sets.

Suppose thatq 2 Z 
 is locally separating; so we have a connected neighborhood
U of q with Unf qg not connected. ShrinkingU, we may assume thatU = ( � 


� )� 1(V ),
where � < 
 and V is open and connected inZ � . Since Z �

�= MS, � 

� (q) is

not locally separating, soVnf � 

� (q)g is connected. Then, since� 


� is monotone,
(� 


� )� 1(Vnf � 

� (q)g) = U n (� 


� )� 1f � 

� (q)g is connected. The same argument shows

that U n (� 

� )� 1f � 


� (q)g is connected whenever� � � < 
 . But then Unf qg =S
f U n (� 


� )� 1f � 

� (q)g : � � � < 
 g is connected also.

Suppose thatU � Z 
 is open and non-empty; we show thatU is not planar.
Shrinking U, we may assume thatU = ( � 


� )� 1(V ), where � < 
 and V is open in
Z � . SinceZ �

�= MS, there is aK 5 set F � V; that is, F consists of 5 distinct points
p0; p1; p2; p3; p4 together with arcsJi;j with endpoints pi ; pj for 0 � i < j < 5, where
the setsJi;j n f pi ; pj g, for 0 � i < j < 5, are pairwise disjoint. NowF is not planar,
and, one can show that (� 


� )� 1(F ) is not planar either. To do this, use the fact that
� 


� is monotone, so that the sets (� 

� )� 1f pi g and (� 


� )� 1(Ji;j ) are all continua. ©
The following terminology was used also in the exposition in[4] of the Fedorchuk

S-space:

De�nition 2.6 Let F be a family of subsets ofX . Then x 2 X is a strong limit
point of F i� for all neighborhoods U of x, there is an F 2 F such thatF � U and
x =2 F .

In practice, we shall only use this notion when the elements of F are closed. If
all elements ofF are singletons, this reduces to the usual notion of a point being a
limit point of a set of points.

The map � � +1
� : Z � +1 � Z � will always be obtained by collapsing a non-locally-

separating arc inZ � +1 to a point. We obtain it using:
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Lemma 2.7 Assume thatX �= MS and that for n 2 ! , F n is a family of non-locally-
separating closed subsets ofX . Fix t 2 X such that t is a strong limit point of each
F n . Then there is aY �= MS and a monotone� : Y � X such that � � 1f tg is a
non-locally-separating arc inY , j� � 1f xgj = 1 for all x 6= t, and, for eachn and each
y 2 � � 1f tg: y is a strong limit point of f � � 1(F ) : F 2 F ng.

Proof. First, let f An : n 2 ! g partition ! into disjoint in�nite sets. In X , choose
disjoint closedFi 63t for i 2 ! such that Fi 2 F n wheneveri 2 An , and such that
every neighborhood oft contains all but �nitely many of the Fi . Let L = f tg [

S
i Fi .

Then L is closed and non-locally-separating by Theorem 2.3.
Now, in MS, let J be any non-locally-separating arc. Choose disjoint closednon-

locally separating setsGi for i 2 ! such that eachGi
�= Fi , every neighborhood ofJ

contains all but �nitely many Gi , eachGi \ J = ; , and for eachn and eachy 2 J :
y is a strong limit point of f Gi : i 2 Ang.

Let � : MS � MS=J be the usual projection, and let [J ] denote the point to
which � collapses the setJ . Then MS=J �= MS by Lemma 2.4. In MS=J, let
K = f [J ]g [

S
f � (Gi ) : i 2 ! g. Let h : K � L be a homeomorphism such that

h([J ]) = t and eachh(� (Gi )) = Fi . By Theorem 2.2,h extends to a homeomorphism
eh : MS=J � X .

Now, let Y = MS and let � = eh � � . ©
The next lemma will simplify somewhat the description of ourinverse limit:

Lemma 2.8 In Lemma 2.7, we may obtainY � X � [0; 1], with � : Y � X the
natural projection.

Proof. Start with any Y; �; t satisfying Lemma 2.7, and letJ := � � 1f tg. Apply
the Tietze Extension Theorem to �x f : Y � [0; 1] such that f � J : J � [0; 1] is
a homeomorphism. Theny 7! (� (y); f (y)) is one-to-one onY, and hence eY :=
f (� (y); f (y)) : y 2 Yg � X � [0; 1] satis�es Lemma 2.8.©

The following additional property of our � will be useful:

Lemma 2.9 Let t and � : Y � X be as in Lemma 2.7 or 2.8. Assume thatH � X
is closed and nowhere dense and not locally separating. Then� � 1(H ) � Y is closed
and nowhere dense and not locally separating.

Proof. � � 1(H ) is closed and nowhere dense because� is continuous and irreducible.
Also note that � � 1(H ) is not locally separating if eitherH = f tg (trivially) or t =2 H
(because� is a homeomorphism in a neighborhood of� � 1(H )).

Next, note that every closedK � H is non-locally-separating inX : If not, let
U � X be connected and open withUnK not connected, so thatUnK = W0 [ W1,
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where theWi are open inX , non-empty, and disjoint. ThenUnH = W0nH [ W1nH ,
but H is not locally separating, so one of theWi nH = ; , so Wi � H , contradicting
H being nowhere dense.

Now, let H =
S

n2 ! K n , where eachK n is closed and eitherK n = f tg or t =2 K n .
Then � � 1(H ) =

S
n � � 1(K n ), which is not locally separating by Theorem 2.3.©

3 The Inverse Limit

We shall obtain our spaceZ = Z ! 1 as an inverse limit of a sequencehZ � : � < ! 1i .
As with many such constructions, it is somewhat simpler to view the Z � concretely
as subsets of cubes, so that the bonding maps are just projections. Thus, we shall
have:

Conditions 3.1 We obtain Z � for � � ! 1 and � �
� ; � �

� for � � � � ! 1 such that:

C1. EachZ � is a closed subset ofMS� [0; 1]� , and Z0 = MS.
C2. For � � � � ! 1, � �

� : MS� [0; 1]� � MS� [0; 1]� is the natural projection.
C3. � �

� (Z � ) = Z � whenever� � � � ! 1.
C4. Z � is homeomorphic toMS whenever� < ! 1.
C5. The maps� �

� := � �
� � Z � : Z � � Z � , for � � � � ! 1, are monotone.

Using (C1,C2,C3), the construction is determined at limit ordinals; (C4) is pre-
served by Lemma 2.5 and (C5). It remains to explain how, givenZ � for � < ! 1, we
obtain Z � +1 � Z � � [0; 1]; as usual, we identifyMS� [0; 1]� +1 with MS� [0; 1]� � [0; 1].

We now add:

Conditions 3.2 We haveq�
� and t � for � < � < ! 1 such that:

C6. Eachhq�
� : � < � i is a sequence of points inMS� [0; 1]� .

C7. Wheneverhq� : � < ! 1i is any sequence of points inMS � [0; 1]! 1 , f � < ! 1 :
8� < � [� ! 1

� (q� ) = q�
� ]g is stationary.

C8. Whenever� < � � ! 1 and z 2 Z � : If q�
� 2 Z � for all � < � and z is a limit

point of hq�
� : � < � i , then all points of (� �

� )� 1f zg are strong limit points of
f (� �

� )� 1f q�
� g : � < � g.

C9. t � 2 Z � , and for all z 2 Z � : (� � +1
� )� 1f zg is a singleton if z 6= t � and a

non-locally-separating arc ifz = t � .
C10. t � = q0

� whenever� > 0 and q0
� 2 Z � .
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Proof of Theorem 1.1. The fact that one may obtain (C1 { C10) has already
been outlined above. (C6,C7) are possible by} , and (C10) is just a de�nition.
(C8,C9) are obtained by induction on� . For the successor step, we must obtain
Z � +1 from Z � using Lemmas 2.7 and 2.8. Here,X = Z � , Y = Z � +1 , and t = t � ; the
F n list all sets of the formF �

� := f (� �
� )� 1f q�

� g : � < � & q�
� 2 Z � g such that � � �

and t � is a strong limit point of F �
� . Observe that (C8) for (�; � + 1) is immediate

from (C8) for (�; � ) except for the points of Z � +1 in (� � +1
� )� 1f t � g. Also observe

that in order to apply Lemmas 2.7 and 2.8, we must check by induction on � , using
Lemma 2.9, that the sets (� �

� )� 1f q�
� g are non-locally-separating (and nowhere dense)

in Z � .
Note that � (z; Z) = @1 for all z 2 Z ; this follows from (C9,C10) and the fact,

using (C7), that f � < ! 1 : � ! 1
� (z) = t � g is unbounded in! 1.

Z is HS by (C6,C7,C8,C1,C2,C3): If not, suppose thathq� : � < ! 1i is left-
separated inZ . As in [4], we get a clubC � ! 1 such that for all � 2 C,

cl
�

� ! 1
� (q� ) : � < �

	
�

�
� ! 1

� (q� ) : � < ! 1

	
:

Fix � 2 C such that 8� < � [� ! 1
� (q� ) = q�

� ]. Let z = � ! 1
� (q� ). Applying (C8)

with � = ! 1, we have in Z : all points of (� ! 1
� )� 1f zg are strong limit points of

f (� ! 1
� )� 1f q�

� g : � < � g. In particular, q� is a limit point of hq� : � < � i , contradicting
\left-separated".

Similarly, Z has no non-trivial convergent sequences: Suppose thatqn ! q! in
Z , where theq� for � � ! are distinct. Let q� = q! when ! < � < ! 1, and apply
(C7) to get � with ! < � < ! 1 such that the � ! 1

� (q� ) for � � ! are distinct points
and 8� < � [� ! 1

� (q� ) = q�
� ]. Let z = � ! 1

� (q! ). Then all points of (� ! 1
� )� 1f zg are strong

limit points of f (� ! 1
� )� 1f q�

� g : � < � g and hence also off (� ! 1
� )� 1f qn

� g : n < ! g. So,
all points of (� ! 1

� )� 1f zg are limit points of f qn : n 2 ! g. Sincef q! g $ (� ! 1
� )� 1f zg

(by � (q! ; Z ) = @1), we contradict qn ! q! . ©

4 The Almost Clopen Algebra

We show here (Theorem 4.12) that a spaceZ satisfying Theorem 1.1 cannot have a
base of open sets with scattered boundaries; equivalently (because there are no non-
trivial convergent sequences) with �nite boundaries. We �rst note that if there were
such a base, we could take the basic open setsU to be regular, since@(int(cl( U))) �
@U. To simplify notation, we de�ne:

De�nition 4.1 ro(X ) denotes the algebra of regular open subsets ofX , and acl(X )
(the almost clopensets) denotes the family of regular open setsU such that@Uis
�nite. For U 2 ro(X ), let U{ denote the boolean complement(X nU)� .
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Note that acl(X ) is a boolean subalgebra ofro(X ): If U 2 acl(X ) and W = U{ ,
then @W= @U, so W 2 acl(X ). Also, if U; V 2 acl(X ) and W = U ^ V = U \ V 2
ro(X ), then W 2 acl(X ) because@(W) � @(U) [ @(V).

In a locally connected space, the connected components of anopen setU are
open; if V is any such component, then@V� @U(becauseV is relatively clopen in
U), so V 2 acl(X ) wheneverU 2 acl(X ). Thus,

Lemma 4.2 If X is locally connected andacl(X ) is a local base atp 2 X , then
f U 2 acl(X ) : p 2 U & U is connectedg is also a local base atp.

Various LOTS sums have bases of almost clopen sets. This is true, for example,
for any compact hedgehog consisting of a central point plus arbitrarily many LOTS
spines. The assumption of no convergent sequences, however, puts some restrictions
on the space. In particular, the hedgehog fails the following lemma (taking U to be
X and letting s be the central point):

Lemma 4.3 Assume thatX is compact and locally connected, andX has no non-
trivial convergent sequences. Fix an openU with @U�nite, and �x a �nite s � U.
Then Uns has �nitely many components.

Proof. Assume that Vn , for n < ! , are di�erent components of Uns. Choose
xn 2 Vn . Then the limit points of f xn : n 2 ! g must lie in @(Uns) � @U[ s.
Thus, f xn : n 2 ! g has �nitely many limit points, which is impossible if X has no
nontrivial convergent sequences.©

We now look more closely at the locally separating points; that is, the points
p 2 X such that Unf pg is not connected for some open connectedU 3 p.

De�nition 4.4 If p 2 U � X , then c(p; U) is the number of components ofUnf pg.

Lemma 4.5 Assume thatX is compact and locally connected. Fixp 2 X and open
connectedU; V with p 2 U � V . Then:

1. Every component ofVnf pg is a subset of exactly one component ofUnf pg.
2. If V � U, then c(p; V) � c(p; U).
3. If acl(X ) is a local base atp and X has no nontrivial convergent sequences,

then c(p; U) is �nite.

Proof. (1) is immediate from the fact that if W is a component ofVnf pg then
W is connected andW � Unf pg. For (2), use the fact that every component of
Unf pg must meet V becauseU is connected, so that (1) provides a map from the
components ofVnf pg onto the components ofUnf pg. For (3), chooseV 2 acl(X )
with p 2 V � U, and apply (2) and Lemma 4.3.©

The next lemma is trivial, but useful when@Uis �nite.
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Lemma 4.6 Suppose thatE � X is connected,U � X is open, and@U\ E = ; .
Then E � U or E \ U = ; .

Proof. U \ E = U \ E is relatively clopen inE, so U \ E is either E or ; . ©
Lemma 4.7 Assume thatX is compact and locally connected,acl(X ) is a local base
at p 2 X , and X has no nontrivial convergent sequences. Then there is ann 2 !
such thatc(p; U) � n for all open connectedU 3 p.

Proof. If this fails, then applying Lemma 4.5, we may �x open connected Un 3 p
for n 2 ! such that U0 � U1 � U1 � U2 � � � and 2� c(p; U0) < c(p; U1) < � � � . Then,
we may de�ne a subtreeT � ! <! and open connectedWs for s 2 T and ks 2 ! nf 0g
for s 2 T as follows:

1. W() is the component ofp in X .
2. If lh(s) = n, then ks is the number of components ofUnnf pg which are subsets

of Ws, and these components are listed asf Ws_ i : i < k sg.
3. s_ i 2 T i� s 2 T and i < k s.

Item (1) is a bit arti�cial, but it gives T a root node (). For the levels below the root,
note that jT \ ! n+1 j = c(p; Un ), and the Ws for s 2 T \ ! n+1 list the components
of Unnf pg. Let P(T) = f f 2 ! ! : 8n [f � n 2 T]g be the set of paths throughT.
Since every node inT has at least one child,jP(T)j is either @0 or 2@0 . Note that
cl(Ws_ i ) � Ws [ f pg, since if n = lh( s) > 0 and q 2 cl(Ws_ i )nf pg, then q and the
points of Ws_ i must all lie in the same component ofUn� 1nf pg, which is Ws.

Let H =
T

n Un =
T

n Un . Then H is a connected closedG� containing p, and
H must be in�nite, since p must have uncountable character. For eachf 2 P(T),
let K f =

T
n cl(Wf � n ) = f pg [

T
n Wf � n . Then the K f are connected and in�nite,

sincef pg cannot be a decreasing intersection of! in�nite closed sets (or there would
be a convergent sequence). Observe thatK f \ K g = f pg wheneverf 6= g. Thus,
if p 2 V 2 acl(X ) then K f � V for all but �nitely many f 2 P(T), since K f � V
wheneverK f \ @V= ; by Lemma 4.6. Now letf i , for i 2 ! be distinct elements
of P(T), and chooseqi 2 K f i nf pg. Then every neighborhood ofp contains all but
�nitely many qi , so theqi converge top, a contradiction. ©
De�nition 4.8 Assume thatX is compact and locally connected,acl(X ) is a base
for X , and X has no nontrivial convergent sequences. Then for eachp 2 X , de�ne
c(p) 2 ! to be the largestc(p; U) among all open connectedU 3 p.

By a standard chaining argument:
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Lemma 4.9 Assume thatX is compact and locally connected andacl(X ) is a base
for X . Fix a connected openU � X and a compactF � U. Then there is a connected
V 2 acl(X ) such thatF � V � V � U.

Proof. Let G = f W 2 acl(X ) : ; 6= W � U & W is connectedg. Then
S

G = U.
View Gas an undirected graph, by putting an edge betweenW1 and W2 i� W1 \ W2 6=
; . Then G is connected as a graph becauseU is connected and the components ofG
yield topological components ofU. Fix a �nite G0 � G such that F �

S
G0. Then

�x a �nite connected G1 with G0 � G 1 � G . Let V =
W

G1 = int(cl(
S

G1)). ©
Lemma 4.10 Assume thatX is compact and locally connected,acl(X ) is a base for
X , and X has no nontrivial convergent sequences. Then there is no sequence of open
sets hUn : n 2 ! i such that Un+1 $ Un for all n and UnnUn+1 is connected for all
evenn.

Proof. Given such a sequence, choosexn 2 UnnUn+1 , and let y be a limit point
of f x2m : m 2 ! g. Since hx2m : m 2 ! i cannot converge toy, �x a connected
W 2 acl(X ) and disjoint in�nite A; B � f 2m : m 2 ! g such that xn 2 W for all
n 2 A and xn =2 W for all n 2 B. Since@Wis �nite, we may also assume (shrinking
A; B if necessary) that@W\ (UnnUn+1 ) = ; for all n 2 A [ B . Then, by Lemma 4.6,
UnnUn+1 � W for all n 2 A and (UnnUn+1 ) \ W = ; for all n 2 B. But then, for
n 2 B, the connectedW is partitioned into the disjoint open setsW \ Un+1 , W nUn ,
both of which are non-empty whenn > min(A). ©
Lemma 4.11 Assume thatX is compact and locally connected,acl(X ) is a base for
X , and X has no nontrivial convergent sequences. Then every non-isolated point in
X is locally separating.

Proof. Suppose we have a non-isolatedp which is not locally separating; soUnf pg
is connected wheneverU is open and connected. Then inductively constructUn for
n 2 ! such that

1. EachUn is open andp 2 Un .
2. EachUn+1 $ Un .
3. UnnUn+1 is connected whenevern is even.
4. EachUn 2 acl(X ).
5. Un is connected for all evenn.

Then (1)(2)(3) contradict Lemma 4.10.
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To construct the Un : Let U0 2 acl(X ) be such that p 2 U0 and U0 is connected
and not clopen. GivenUn , wheren is even, we constructUn+1 and Un+2 as follows:

Say @Un = f qj : j < r g; of course,r and the qj depend onn. For eachj , choose
V j 2 acl(X ) be such that qj 2 V j , p =2 cl(V j ), and V j is connected. Also make
sure that the V j are disjoint; then V j \ @Un = f qj g. Let f W j

i : i < c j g list the
components ofV j nf qj g; so 2� cj < ! . Then W j

i is connected and@Un \ W j
i = ; ,

so W j
i � Un or W j

i \ Un = ; ; say W j
i � Un for i < d j and W j

i \ Un = ; for
dj � i < c j ; so 1 � dj < c j . Chooseyj

i 2 W j
i . Now Un is connected andp is not

locally separating, soUnnf pg is connected. Applying Lemma 4.9, �x a connected
R 2 acl(X ) such that f yj

i : j < r & i < d j g � R � R � Unf pg. Let S be the �nite
union R [

S
f W j

i : j < r & i < d j g. Then S is open and connected,p =2 S, and each
qj 2 S. Let Un+1 = UnnS = Un n S. Then p 2 Un+1 2 acl(X ), and UnnUn+1 = S is
connected. Also, eachqj =2 Un+1 becauseUn+1 \ V j = ; , so that Un+1 � Un .

Now, choose a connectedUn+2 2 acl(X ) so that p 2 Un+2 � Un+2 $ Un+1 . ©
Theorem 4.12 If X is in�nite, compact, locally connected, andacl(X ) is a base for
X , then X has a nontrivial convergent sequence.

Proof. Suppose not. Fix any non-isolatedp 2 X ; then p is locally separating by
Lemma 4.11, soc(p) � 2 (see De�nition 4.8). Fix a connectedU 2 acl(X ) such that
p 2 U and c(p; U) = c(p). Let Wi , for i < c (p) be the components ofUnf pg. Then
c(p; V) = c(p) wheneverV 2 acl(X ) and p 2 V � U; furthermore, the components
of Vnf pg are the setsWi \ V for i < c (p).

Let Y = cl( W0). Then acl(Y) is a base forY, Y is locally connected, andY
has no nontrivial convergent sequences. Furthermore,p 2 Y and p is not locally
separating inY, contradicting Lemma 4.11 applied toY. ©

5 Further Remarks

We note that in constructing a locally connected compactum,the monotone bonding
maps, as used also by van Mill [13], are inevitable:

Remark 5.1 Assume thatX � [0; 1]! 1 is compact and locally connected. De�ne
X � = � ! 1

� (X ) � [0; 1]� . Then there is a clubC � ! 1 such thatX � is locally connected
for all � 2 C, and such that� �

� := � �
� � X � is monotone whenever� < � and �; � 2

C [ f ! 1g.

Proof. Let B be the family of all connected openF� subsets ofX . Then B is a base
for X . For � < ! 1, let B� be the family of all openU � X � such that (� ! 1

� )� 1(U) 2 B.
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Observe that eachU 2 B � is connected. Put� 2 C i� B� is a base forX � . Then C
is club.

Now, it is su�cient to show that ( � ! 1
� )� 1f xg is connected whenever� 2 C andx 2

X � . ChooseUn 2 B � with x 2 Un � Un+1 for all n 2 ! and f xg =
T

n Un =
T

n Un .
Each (� ! 1

� )� 1(Un ) is in B, so it and its closure are connected, and cl((� ! 1
� )� 1(Un+1 )) �

(� ! 1
� )� 1(Un+1 ) � (� ! 1

� )� 1(Un ), so that (� ! 1
� )� 1f xg is the decreasing intersection of the

connected closed sets cl((� ! 1
� )� 1(Un )), and is hence connected.©

We do not know if conditions (C1 { C10) in Section 3 determine ind(Z ), but a
minor addition to the construction will ensure that Z does not have smalltrans�nite
inductive dimension; that is, trind( Z ) = 1 (and hence ind(Z ) = 1 ). The trans�nite
inductive dimension trind is the natural generalization ofind; see [5].

Theorem 5.2 Assuming} , there is a locally connected HS continuumZ such that
dim(Z ) = 1 , trind( Z ) = 1 , and Z has no nontrivial convergent sequences.

To do this, we make sure that all perfect subsets areG� sets. Observe that by local
connectedness, every non-empty closedG� contains a non-empty connected closed
G� subset, which in ourZ cannot be a singleton. So, no non-empty closedG� can
have dimension 0.

Lemma 5.3 Assume that X is compact, connected, and in�nite, and all perfect
subsets ofX are G� sets. Assume also that� (x; X ) > @0 for all x 2 X , and that in
X , every non-empty closedG� set contains a non-empty closed connectedG� subset.
Then trind( X ) = 1 .

Proof. We prove by induction on ordinals� that : [trind( X ) � � ] for all such
X . This is obvious for� = 0. Assume � > 0 and the inductive hypothesis holds for
all ordinals � < � . Suppose that trind(X ) � � . Then there is a regular open setU
such that U 6= ; , U 6= X , and trind(@U) = � < � . Let V = X nU; then U and V are
perfect, so@U= U \ V is a G� , and hence contains a non-empty closed connected
G� subsetY. Then trind( Y) � trind( @U) � � . SinceY satis�es the conditions of
the lemma, this is a contradiction.©

By the same argument, this space isweird in the sense of [8]; that is, no perfect
subset is totally disconnected.

To construct our Z so that perfect sets areG� , we observe �rst that if Q �
MS� [0; 1]! 1 is perfect, thenC := f � < ! 1 : � ! 1

� (Q) is perfectg is a club. One might
then use} , as in [4], to capture perfect subsets ofZ , but this is not necessary, since
we already know thatZ is HS, and we are already capturing countable sequences.
Thus, we get:
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Conditions 5.4 We haveP� and P� for � < ! 1 such that:

C11. P� = cl( Z � \ f qn
� : n 2 ! g) whenever� � ! and this set is perfect; otherwise,

P� = Z � .
C12. P� = f (� �

� )� 1(P� ) : � � � g.
C13. � � +1

� � (( � � +1
� )� 1(P)) : ( � � +1

� )� 1(P) � P is irreducible for eachP 2 P � .

Proof of Theorem 5.2. To obtain these conditions, note that (C13) is trivial
for P unlesst � 2 P. If t � 2 P, then, sinceP is perfect, we may choose a sequence
of distinct points hpn : n 2 ! i from Pnf t � g converging to t � . Then, while we are
accomplishing (C8), we make sure that all points of (� � +1

� )� 1f t � g are (strong) limit
points of the set of singletons,f (� � +1

� )� 1f png : n 2 ! g; this implies irreducibility.
Now, we prove by induction on� � � that � �

� � (( � �
� )� 1(P)) : ( � �

� )� 1(P) � P
is irreducible for eachP 2 P � . Then, if Q � Z is perfect, we use HS and (C7) to �x
some� < ! 1 such that P� = � ! 1

� (Q) and P� is perfect. Irreducibility then implies
that Q = ( � ! 1

� )� 1(P� ), which is a G� . ©
Finally, we remark that our spaceZ is dissipated in the sense of [10], since in

the inverse limit, only one point t � gets expanded in passing fromZ � to Z � +1 ; the
inverse projection of every other point is a singleton. As pointed out in [10], this is
also true of the original Fedorchuk S-space [6], where one point t � got expanded to
a pair of points; here, and in [8] and van Mill [13],t � gets expanded to an interval.

References

[1] R. D. Anderson, A characterization of the universal curve and a proof of its
homogeneity.Ann. of Math. (2) 67 1958 313-324.

[2] R. D. Anderson, One-dimensional continuous curves and ahomogeneity theo-
rem. Ann. of Math. (2) 68 1958 1-16.

[3] E. K. van Douwen and W. G. Fleissner, De�nable forcing axiom: an alternative
to Martin's axiom, Topology Appl.35 (1990), no. 2-3, 277-289.

[4] M. D�zamonja and K. Kunen, Measures on compact HS spaces,Fundamenta
Mathematicae143 (1993) 41-54.

[5] R. Engelking, Theory of Dimensions Finite and In�nite, Heldermann Verlag,
Lemgo, 1995.



REFERENCES 14

[6] V. V. Fedor�cuk, The cardinality of hereditarily separable bicompacta (in Rus-
sian) Dokl. Akad. Nauk SSSR 222(1975) 302-305. English translation:Soviet
Math. Dokl. 16 (1975) 651-655.

[7] V. V. Fedorchuk, A compact space having the cardinality of the continuum with
no convergent sequences,Math. Proc. Camb. Phil. Soc.81 (1977) 177-181.

[8] J. Hart and K. Kunen, Inverse limits and function algebras,Topology Proceedings
30, No. 2 (2006) 501-521.

[9] J. R. Kline, Concerning the complement of a countable in�nity of point sets of
a certain type, Bull. Amer. Math. Soc. 23 (1917) 290-292.

[10] K. Kunen, Dissipated compacta, to appear,Topology Appl.; see alsoarXiv
math.GN/0703429.

[11] K. Menger,Kurventheorie, Teubner, Leipzig, 1932.

[12] J. C. Mayer, L. G. Oversteegen, and E. D. Tymchatyn, The Menger curve.
Characterization and extension of homeomorphisms of non-locally-separating
closed subsets,Dissertationes Math.(Rozprawy Mat.) 252 (1986), 45 pp.

[13] J. van Mill, A locally connected continuum without convergent sequences,Topol-
ogy Appl.126 (2002), no. 1-2, 273-280.

[14] J. Prajs, A homogeneous arcwise connected non-locally-connected curve,Amer.
J. Math. 124 (2002) 649-675.


