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Abstract

For X a compact abelian group andB an in nite subset of its dual ),
let G be the set of allx 2 X sugh that H (x) : ' 2 Bi converges to 1. If
F is afree Iteron X, let D = ~ fCg : B 2 Fg. The setsGs and Df are
subgroups ofX . Gg always has Haar measure 0, while the measure @i
depends onF. We show that there is a Iter F such that D has measure
0 but is not contained in any Gg. This generalizes previous results for the
special case wher& is the circle group.

1 Introduction

In this paper we study the pointwise convergence of sequescef characters of
compact abelian groups and its relation to Bohr topologiesNe begin with some
abstract de nitions. All spaces considered here are assucht# be Hausdor .

Denition 1.1  If X;Y are topological spaces, the@(X;Y ) is the set of contin-
uous functions fromX to Y, and C,(X;Y ) denotesC(X;Y ) given the topology
of pointwise convergenceif., regarding Cp(X;Y ) as a subset ofy* with the
usual product topology. If Y contains a distinguished pointl, then = denotes
the constant functionx 7! 1in C(X;Y).
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See Arkhangel'skii [1] for a discussion of such function ses.

SupposeX is a compact abelian group andd = T  C, whereT is the circle
group. As usual (see [6, 9, 13])),b denotes the dual group ofX ; that is, the
group of characters, or continuous homomorphisms infb; then = is the identity
element of®. If G = ¥ and we viewG as a discrete abelian group, thexX = ®
by the Pontrjagin Duality Theorem. However, if we consideG  Cy(X; T), then
its inherited topology is the Bohr topology on G, and the closure ofG in T* is
the Bohr compacti cation, bG, of G. G* denotesG with its Bohr topology. Since
the compact groupbG is dense in itself, andG”* is dense inbG, we have:

Lemma 1.2 If X is an in nite compact abelian group, then® is dense in itself
in the topology inherited fromC,(X; T).

However, ® has no pointwise convergent sequences. To study pointwisene
vergence, we use the following notation:

De nition 1.3 If X;Y are topological spacesy 2 Y, and B C(X;Y) is
in nite, then Gz (y) is the set of allx 2 X such that the sequendé (x) : ' 2 Bi
converges toy (that § every neighborhood oy contains' (x) for all but nitely
many' 2 B). & = y2y G (). If Y is a topological group with identityl, then
G denotesG (1).

If X andY are topological groups and is a family of homomorphisms, then
G and & are subgroups ofX. Clearly, G &. The sequencel :' 2 Bi
converges pointwise (i.e., i€y(X;Y))i & = X. So whenX is compact abelian
andB X, & can never equak , but it can be non-trivial. In x2 we prove the
following, which gives some results involving the sizes 6§ and &:

Theorem 1.4 Let X be an in nite compact abelian group withG = ®. Then:

1. & is a Haar null set for each innite B G.

2. For any countableQ X, there is an in nite B ¥ such thatQ Cgp,
G contains a perfect subset, an@y is dense inX.

3. (B) 156&jforallinnite B G. Here, B is the closure ofB in bG,
is the Haar probability measure omG, and 15j&j = 0 whenj&j is in nite.

So, every&; is small in the sense of measure, but by (2), for sonBe even the

smaller G is big in other senses. And (3) implies that wheneve&; is in nite, B
itself is small in the sense thaB is a Haar null set inbG.
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When X = T, the fact that G is null is pointed out in [2, 4].

Note that both G and & get bigger asB gets smaller, so that the detailed
arguments in this paper will only involve countableB. For example, it is su cient
to prove (1) for countable B, and the B produced in the proof of (2) will be
countable.

If X = T, then ¥ C(T;T) is the set of functionsz 7! z" forn 2 Z; we
identify ® with z. As an illustration of (3), let B = fkn : n 2 Zg. Then
G=6G=f1z2T:z2=1g,and (B)=1=k=156&j=15Gj.

For X = T, Barbieri, Dikranjan, Milan, and Weber [2] showed that assming
Martin's Axiom, there is a Haar null subgroupD of T which is not contained
in any Gs. In [7] we showed that this holds in ZFC; in fact, we gave an ekpit
de nition of such a D which is a Borel set inT.

There are two natural generalizations of these results abo@(T; T). First,
one may study the maps £ 7! z") 2 C(X; X ) for any compact groupX ; this
was done in [7]. In this paper, we consider the second genaation. For an
arbitrary compact abelian groupX , we haveB »* C(X; T). We shall produce
(Theorem 1.9) a Haar null sgbgroup) of X such that D is not contained in any
countable union of the form . &.. As in [7], it is convenient to de ne the null
group D from a lter:

De nition 1.5  Suppose thaiX;Y are to%ological spacesy 2 Y, and F i§a free
Iter on the set C(X;Y ). ThenDg(y)= fCg(y):B 2Fg,andBr = & :
B 2Fg. If Y is a topological group with identityl, then D denotesD¢e (1).

As usual, a Iter F isfreei it contains the complements of nite sets. As in
[7], our null group D will be Dg, whereF is a lter of sets of asymptotic density
one:

De nition 1.6 For E I, let d(E) and d(E) denote the lower and upper
asymptotic density.

d(E) = liminf XY jimsup BN - GEy -
n!l n n

n!l

If equality holds, letd(E) = d(E) = d(E) denotethe asymptotic density of E.

De nition 1.7 Let X be a compact abelian group and let=H ,:n2!i be a
sequence of distinct elements #. Then F. is the lter F generated by all sets
of the formf' , : n 2 Eg such thatd(E) = 1.
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Proposition 1.8 For F. de ned as in 1.7, B¢. is a Haar null subgroup ofX .

Note that B¢. is clearly a subgroup. We prove that it is null inx2. The group
B could be trivial; for example, ifX = T and' ,(z) = z", then Br. = fig. In
[7], our null subgroup ofT was of the formB¢. , where' ,(z) = z"'.

The null group Br. contains Dg. . Nevertheless, Theorem 1.9 shows that for
suitable' , evenDg. is not contained in any countable union of§ sets.

Theorem 1.9 For any in nite compact abelian groupX, there is aD such that:

1. D is a Haar null subgroup ofX ;

2. D is dense inX; S

3. D is not a subset of any countable union of the form. &., where eachB-
is an in nite subset of X;

4. D = Dg. for some sequence of distinct charactets=Hh ,:n2!i.

The proof of Theorem 1.9 has two parts. In4, we prove the theorem when
X is one of four types of \stock" compact groups. And irx3, we show that it is
su cient to prove the theorem for those stock groups. This agument applies the
structure theory for abelian groups to¥®, and is similar to the analysis used in
constructing |y sets (Hartman and Ryll-Nardzewski [8], Thm. 5; see also [)2]

The stock groups are all second countable (that is, thedR are countable).
The j)bj in Proposition 1.8 and Theorem 1.9 can be an arbitrary in nie cardinal.
However, since§ gets bigger aB gets smaller, it is su cient to prove Theorem
1.9 in the case that all theB- are countable. For countableB, G and & are
Borel (in fact, F ) sets; likewise Dr. andBr. areF sets (see Proposition 5.3).

Our results are related to the notions ofy-closure andg-density described by
Dikranjan, Milan, and Tonolo [5]. These notions may be expssed in terms of
an intersection involving ourG :

De nition 1.10 Let X be a compact abxlalian group, antl X, with J its (usual
topological) closure. Thengx (J)=J \ fCg :B 2 [)b]@ & J Cgao.

They call gx (J) the g-closure of J and say that J is g-densei gx(J) = X.
Barbieri, Dikranjan, Milan, and Weber [3] ask (see Questiors.7) whether for
every in nite compact abelian group, there is ag-dense subgroup which is a Haar
null set, and they provide an a rmative answer under Martin's Axiom in some
cases. OurD from Theorem 1.9 provides an armative answer in all cases in
ZFC.
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2 Elementary Facts
Proposition 1.8 is easily proved using Cesro limits:

P
De nition 2.1  Givenr, 2 Cforn2 ! ands2 C, r,; s means thatjl In

convergestes asj !'1

n<j

Lemma 2.2 Fixr,2 Cforn2! ands 2 C. Assume that thereisanrM 0
such thatjryj M for all n, and that limy.g r, = s for some E I with
dE)=1. Thenr,; s.

The following is proved exactly like Lemma 4.9 of [12], althagh the basic idea
for the proof goes back to Weyl [15}.

Lemma 2.3 Let be a probability measure oX. Let' ,: X ! C,forn2!,
be measurable. Assume thatl O, |’ ,(X)j M for all n and x, and the' ,, are
orthogonal inL2( ). Then (fx2 X :' ,(x); 0Og)=1.

Proof of Proposition 1.8. Use Lemma 2.2 and 2.3. Here, the, map into
T, soDg (0) = ;, so that Bg. is disjoint fromfx 2 X :' ,(x); 0g. [

The next lemma is immediate from the Pontrjagin Duality Thesem:

Lemma 2.4 For compact abelianX and Y, if Y is isomorphic to a subgroup of
¥, then there is a continuous homomorphism mappingX onto Y.

Given compact abelianX , we can choos& so that ¥ is a countable subgroup
of ¥. Then Y is second countable. This sometimes lets us reduce a stateme
about arbitrary X to a statement about second countable groups, as is illusteal
in the proof below of Theorem 1.4(2). It is also useful to retta

Lemma 2.5 If is a continuous homomorphism mapping the compact grodp
onto Y, then is both a closed map and an open map. Alsok( YE)) = y(E)
for all Haar-measurableE Y, where yx; y are the Haar probability measures
on X;Y , respectively.

To prove Theorem 1.4(3), we need:

Lemma 2.6 Every in nite discrete abelian groupG is a Haar null subset obG.
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This lemma is immediate from Varopoulos [14], who proves a meogeneral
result. To prove the result directly for discrete abelian gyups, note that for
countable ones, the result is trivial. So for an arbitrary imite discrete abelian
G, take a homomorphism from G onto a countableH, and then note that
inducesb :bG bH,with G (b ) (H).

The following lemma is also needed for Theorem 1.4(3):

Lemma 2.7 Let X be a compact abelian group witG = ¥, and x u2 X and a
subgroupS of G. Let K = fx2 X :8 2 S[ (x)="(u)]g. Then (K)=15Sj,
where is Haar measure onX .

Proof. Let :X 8 be the natural map. ViewingX as the characters ofG,
we have

K=fx2X:8 2S[x(")=u(')]Jg=fx2X :xS=uSg= *fuSg:

Here,u S is a point in 8. Since preserves Haar measure (see Lemma 2.5)Sif
is in nite then (K) =0, while if Sis nite then (K) = 1:j§j =15Sj. O

Proof of Theorem 1.4. Part (1) is clear from Proposition 1.8, since it is
su cient to prove it when B is countable.

For (2), we shall produce a perfect subset &f via a tree of open sets indexed
by nite 0-1 sequences. ListQ agq :j 21 9. We now get distinct' , 2 X for
n2! andUs X fors2 2 =, f0;1g" so that:

+ Us is open and nonempty.
+ Cl(Us— 0)\ Cl(Us— 1) =, and Cl(Us— 0); Cl(Us— 1) S Us-
+ j1 ' h(x)j< 1=nwheneverx 2fq :j ng[ fUs:s2 2.

We do this by induction onn. ', can be arbitrary and U, can beX. If we
are givenUg for s 2 2" and ' ¢;:::;"' . First, choose distinctps o;ps. 1 2 Us.
Then choos€e .1 2f' o;:::;" hgsuch thatjl ' .1 (X)j < 1=(n + 1) whenever
x2fq:j n+1g[f p:t2 2" g; this is possible because: 2 » Co(X; T)
and is not isolated in® (see Lemma 1.2). Then, we may choos# for t 2 2"*1
using the coqtinuitg of ' ne1.

LetK = ,, omCl(Us), andletB =f",:n2!g ThenK[ Q Cg;.
K is not scattered, since it maps continuously onto the Cantoset, so its perfect
kernel is non-empty.

We still need to getG dense inX . If X is separable, this is trivial, since we
may assume that the countable contains a dense subset of . So for any X,
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choose a second countablé with ¥ < X, and let : X Y be as in Lemma
2.4. For this separableY, choose an in nite By ¥ such that (Q) Csy, G,
is dense inY, and G, contains a perfect subset. TheB = f' :' 2 Byg
satis es (2); since is an open map (Lemma 2.5)G = (G, ) is dense inX .
For (3),dene ,:& ! T sothat o(x)is the limit of the sequencel (x):
' 2 Bi (which exists by de nition of &). Note that  is a homomorphism
from the group & into T, so, sinceT is divisible, it extends to a homomorphism
X! T.Then& =fx2 X :H (x):' 2Bi! ( x)g. Let X4 denote the
group X with the discrete topology; then we can identifybG with the compact
group X4. So, 2 bG. We can viewG* as a dense subgroup diG, so that
eachx 2 X can be identi ed with a continuous homomorphism orbG. With this
identi cation, each x 2 & satiseshx(" ):' 2 Bi! x(),sothat x()= x()
foreach 2 BnB. Thus, BnB f 2 bG :8x 2 &[x() = x()] g9, so
that (BnB) 15&]j by applying Lemma 2.7; theX;G;u;S in 2.7 becomes
bG;X; ;& here. Finally, (B) 15&j becauseB G, which, by Lemma 2.6,
is a Haar null set inbG. []

Just getting a G that contains a perfect set is trivial in-lthe case thatG = X
has an in nite subgroup H with innite index. Let Z = fker('):"' 2 Hg.

Then Z = G=H is an in nite compact subgroup ofX,andZ = G;.

3 Reduction to Stock

In this section, we show that it is su cient to prove Theorem 19 in the case that
X is the dual of one of the groups listed in the following lemma:

Lemma 3.1 Every in nite abelian group contains a subgroup isomorphito one
of the following:

+
+ _ o1 Zp,» Where thep, are primes andpy < p; <

+ ., Zp, Wherepis a xed prime.

+ Zpy , for some primep.

This lemma is part of the structure theory for in nite abelian groups (see
Kaplansky [10], or Hewitt 6nd Ross [9], or [12k3). The duals of these four
groups are, respectivelyl, ~ ., Zp,, (Zp)', and the p-adic integers; for the last
one, see [9k25.
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Next, we use the : X Y obtained from Lemma 2.4 to translate a
satisfying Theorem 1.9 forY to a' satisfying Theorem 1.9 forX .

Lemma 3.2 Let X and Y be compact abelian groups, with a continuous ho-
momorphism mappingX onto Y. Assume that' = H, :n 2 !i is a se-
quence of distinct chaE\cters ol such thatDg. is not a subset of any count-

able union of the form . €, whenever eactA is an in nite subset of V. Let
' =Hh, :n.2!i. Then, in X, Dg. is not a subset of any countable

union of the form ~ . &-, whenever eactB is an in nite subset of ®. Also, if
De. is dense inY thenDg. is dense inX.

Proof. Let K =ker( ). Since is an epimorphism,X=K = Y, so characters
of Y correspond to characters oX=K . Note also that each character in®
restricts to one in®. Since& gets bigger a3 gets smaller, we may shrink each
B to a countable set. Shrinking againtdB = f . :n 2 !g, we may assume
that for each*, the , K, forn 2!, are either all the same or are all di erent.

Case L The , K,forn 2!, areallthe same. Soeach, ( ,) ®isidentically
1 onK, and hence yields a character, 2 X=K = ¥ (with (o) = . ).
let A" =f_ :n21!g ¥ Byourassumptionon',wecan xay2 Y
such thaty 2 Dr. andy 2 €&, for all Case 1°. Note that if x is any element
of 1fyg, then x 2 Dg. . Also, such anx is not in & for all Case 1°,
because the non-convergence bf.(y) : n 2 !i implies the non-convergence of
h ,(X) ( (X)) *:n2!i, and hence the non-convergence bf ,(x) : n 2 !i.
We are thus done if we produce 2  fygso thatx 2 & for all Case 2°. Fix
X 2 fyg. Then our desiredx will be an element of the coseKx =  Ifyg.

Case 2 The , K, forn 2 !, are all dierent. For all Case 2", dene
fo:K ! Thyf (t)= ,(tx)= .t ,(x) Note that eachf, is the
product of a character , K of K with a number ,(x ), sothatff :n2!g
is an orthogonal family inL?(K). It follows, by using Lemma 2.3, that&;.n21 g
is a Haar null set inK. Chooset such that for each Case 2 the sequence
i (t): n2!i does not converge; themx 2 & .

Finally, to prove that Dr. is dense inX, use the facts that is an open
map by Lemma 2.5, and thatDr. = }Dg. ). [

4 Nice Groups

De nition 4.3 below isolates the key property of the group@, for the groupsG
listed in Lemma 3.1.
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De nition 4.1  If X is a compact abelian group, then
)b(X): frx):" Z)b&XZXg :
Proposition 4.2 )b(X) is a subgroup ofT.

Proof. Let G = ®. If G contains an element of in nite order, then)b(X) =T.
Otherwise, ¥ (X ) is the group generated by alle?™= " such that p is prime and
G contains an element of ordep". []

If G is of nite exponent (= bounded order), then )b(X) iSs nite; otherwise,

cl(R(X)) = T.

De nition 4.3  The compact abelian groupX is nice i j)bj = @ and for all
non-empty openU X and all" > O: cI()b(X ) N-(" (U)) for all but nitely
many ' 2 %. Here,N-(S)=fz2T:9w 2 S[jz wj<"]g.

Lemma 4.4 If G = ¥R is an in nite torsion abelian group andf' 2 G:'k=1g
is nite for each k, then X is nice.

Proof. Note that cI()b(X )) = T, so we x a non-empty openU X and an
"> 0, and we must verify thatN-(* (U)) = T for all but nitely many ' 2 X.
Observe that' (X) is nite forall * 2 G. Translating U and shrinking it, we may
assume thatU = fx 2 X :8 2 F[ (x) =1]g, whereF is a nite subgroup of G.
Let R, =fz2 T:2z"=1g, and x m such thatN-(Ry,) = T. For all but nitely
many' 2 G, the order of [ ] in G=F is at leastm. Fix any such" ; then for some
n m,'"2F but'k2F whenever <k <n . Fix y 2 Hom(G=F; T) such that
y([' ) = €= ; this lifts to an x 2 & = Hom(G; T) such that x(' ) = €*" and
x( )=1forall 2 F. Identifying 8 with X, we havex 2 U and’ (x)= &= ;
so, sinceU is a group,’ (U) R,. Thenn myieldsN-(" (U))=T. []

Lemma 4.5 @ is nice whenevelG is one of the groups listed in Lemma 3.1.

P
Proof. Lemma 4.4 handles the duals of _,, Z,, andZy . For T = B, note
that for a givlgn U, ' (U) = T for all but nitely many '
ForG= |, Zpand 8 =(z,)', follow the proof of Lemma 4.4.U and F

are exactly the same. Now®(X) = R,, and’ (U)= R, forall' 2 F. [J

We now proceed to prove Theorem 1.9 for nice groups.
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De nition 4.6 Let X be a compact2™ countable abelian group with metric
and letG = X. A nice partition for (X; ) is a sequencén ; :j 2 !i such that
the ; are nite disjoint nonempty sets whose union i$ and, if we set
X )
[
iy)= (xy)+ Fx) it 2 Ko

k
then for each; and all' 2 Sk i+2 ko allx2 X,and allz2 cl()b(x )), there is
ay2 X with j(x;y)< 27 andj (y) z<2].

Lemma 4.7 If X is a nice compact abelian group with metric, then there is a
nice partition for (X; ).

Proof. List Gasf'; :j 2! 9. Now, de ne the ; byinduction. Let o= f' (0.
Given | for k j, we have the metric ; on X, so for some nitem, we may

cover X by open setsUp;:::; Uy of j{diameter less than" := 2.!. Now choose
j+1 SO that c|(>b(xg N-(" (U)) forall " andforall' 2Gn i+l ke Also
make sure that' j 2 ;,; « so that G will be the union of all the ;. []

De nition 4.8  Suppose that = h j :j 2 !'i is a nice partition for (X; ). A
sequencdi , :n 2 !i from ¥ is thin (with respectto )i each ', 2 where
eachjn+1  jn *+2.

ino

Lemma 4.9 Assume thath , :n 2 !i is a thin sequence! is partitioned into
two in nite sets, A;B, and a; b2 cl()b(x )). Then for somex 2 X,
"a(x),, a AND a(X) L, b

Proof. Choosex, ZSX for n 2 ! as follows: Xo; X; are arbitrary. Given X, 1
withn 2,use' ,2 i 12 ko plusj, 1 2(n 1) n,to getx, to satisfy:

*on (Xn xp) <2

+ N2A )] "axp) a@<2m

+ N2B ) j "a(Xa) B<2M
Then each (x, 1;%Xn) < 2 ", sohx, : n 2 !i converges to some&. Now, X
n 1, and we estimatg' ,(x,) ' n(X)j: For all > n, " n(Xm 1) " n(Xm)j
in 2 (Xm 1:Xm) < 2 ™ Thus, ' n(Xn) " n(X)] L 2m=2"

Now, if n 2 A, then

I"a¥) @ j talxn) A+ a(xa) & 2"+2 "1 0

The argument is the same fon 2 B. []
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Lemma 4.10 Let X be a compac®™ countable abelian group with metric and
let G = X. Suppose that = h; :j 2 !i is a nice partition for (X; ) and
"=H,:n2!'i, Wgere each , 2 3,. Let B, for " 2!, be any in nite subsets
of G. ThenDr. 6 . &..

Proof. By a standard diagonal argument, get 2 forn 2 ! andE;F ! such
that:

1. H 8 :n2!iis thin with respect to
dfn:'2=",0 =1

E[ F=!andE\ F = ;.
d(E) = 1.

For each’, bothfn2 E:'22B.gandfn2 F :' 22 B.gare in nite.

A

Fix z 2 )b(X)nf 1g. By (1)(3), we may apply Lemma 4.9 and xx 2 X such that

Lo(x)! 1  AND ' 9(x)! z:

n2E n2F

By (2)(4), x 2D . By (5), x 2 &. foreach™. []

Lemma 4.11 Suppose that = h  :j 2 !i is a nice partition for (X; ) and
"=Z=H,:n2'i from X is thin with respectto . letB=f",:n2!g Then
G is dense inX, so thatDg. is dense inX.

Proof. This is similar to the proof of Lemma 4.9. Fix a non-empty opedd X.
We must produce anx 2 U such that' ,(x) ! 1. We may assume thaig 2 X
andr 2! andU = fx 2 X : (x;0) < 2 "g. Choosex, 2 X forn 2! as
follows: Xg = X1 = = X, = g. Givenx, ; with n r +1, get x, to satisfy:

+ g, (X nxp) <2

+ " n(Xn) < 2N
Then hx,, : n 2 I'i converges to soma with (x;gq) 2 ', sox 2 U. As in the
proof of Lemma 4.9 ,(x) 1! 0. [

Proof of Theorem 1.9. By Lemmas 4.10 and 4.11, the theorem holds for
all nice groups, which by Lemma 4.5, includes the duals of dlie groups listed
in Lemma 3.1. Then, by Lemma 3.2, the theorem holds for all. [

Note that not every X with a countable dual is nice; see Example 5.2.
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5 Remarks and Examples

The proof in x2 that B¢, is null makes essential use of asymptotic density, via

Lemma 2.2; one cannot replac&: by an arbitrary Iter F, sinceBg, or even
the smaller Dg, might be all of X. By Proposition 1.2 of [7] and Lemma 1.2:

Proposition 5.1 If X is any in nite compact abelian group, then there is a free
lter F on Y such thatF contains a countable set an®r = X.

It is not clear whether the nice groups are of interest in theiown right, or just
an artifact in the proof of Theorem 1.9. Not every dual of a cauable discrete
abelian group is nice:

Example 5.2 Z; (Z,)' is not nice.

Proof. Elements ofX = Z, (Z,)' are of the formtx;yi, wherex 2 Z, =
f1i; 1, ig, Z,=f 1g, andy2 (Z,)'. R(X)=f1i; 1; ig. Let' ,(x;¥)=
X Yn. Let U = fhx;yi : x = ig. Then the ' , gre distinct characters, and
"n(U)=f ig, so De nition 4.3 fails whenever'< = 2. []

All the \ C" and \ D" sets discussed in this paper are Borel:

Proposition 5.3 Let X be any compact abelian group. IB X is countably
innite, then G and & are F sets. If' = H, :n 2 !i is a sequence of
distinct elements of®, then De. andBr. are F sets.

Proof. LetB=f',:n2!g. Thenx2 & i
h i
8r219s<r9k2! 8m>k | m(x) €57] - :

sinceT « N = (€2 ). This displays & as a countable intersection of
sets. The argument forGs is similar; just replaces by 0. Likewise,x 2 B¢, i

1 . s - 1
8r2!19s<r9k2! 8n>k Hfm<n:j'm(x) 'S | -9 1 -
Again, replaces by 0 to see thatDg. isanF set. []
It is natural to ask whether the countablefB- : © 2 ! g from Theorem 1.9

could be replaced by a family of@ sets. Under CH, this is clearly false, since
then jXj may be @, in which case Theorem 1.4 implies that a union of the
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S
form _, G can be all ofX. Assuming Martin's Axiom (MA), the proof
gf Theorem 1.9 implies that ourDg. is not a subset of any union of the form

. & where < 2@ To see this, note that the countability of the family
fB-: 2 ! gwas only used in two places. First, in handling Case 2 of Lemma
3.2, we used the fact that a compact grouf is not covered by@ null sets, and
MA lets us replace the \@" by \ < 2@". Second, the diagonal argument in the
proof Lemma 4.10 will work with families of size less than® under MA.

It is also consistent with ZFC to have 2 arbitrarily large but T= G-
This proof resembles the standard construction of an ultrdter of character @
(see [11], Exercise VIII.A10). Start with 2 large in the ground modelV and

iterate forcing @ times with nite supports, forming V for 1. When
<! ., letF 2V bea lteron Z =% obtained from Proposition 5.1, and get
B 2V, sothatB A forall A2 F . One can even make th& generate a

P-point ultra Iter, so that in the nal model V,,, the F of Proposition 5.1 could
be a P-point of character@. To do this, make sure that eactB is chosen so that
0 is a limit point of B in the Bohr topology ofZ. Note that the F of Proposition
5.1 can never be a selective ultra lter, since it would thenantain thin sets and
run afoul of Lemma 4.9.
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