
CS 331 { Assignment 3
Due: Thursday, March 6th , 2008 - 8:00AM

Total points: 100
Start by downloading the tarball a3.tar.gz from the shared drive. After you type the following command:
tar -zxf a3.tar.gz it will expand into a directory called a3. You must do all your work for this assignment in this
directory. Problem 1 requires written answers. Type them in into a text �le called a3.txt (NOT a �le produced by a
word processor). Problems 2 and 3 require that you develop functions in ML. The tarball that you downloaded contains
the �le a3.sml , which you must complete. These functions should be submitted by the due date in both electronic and
hardcopy forms.

Submission procedure: You must submit a single directory calleda3 at the top-level of your dropbox. This directory
must contain the following three �les only :

� Your a3.txt �le.
� Your completed a3.sml �le.
� My original tiling.sml �le.
� No .ppm �le should be included in your submission. However,you must state somewhere in your a3.txt

�le , which of the .ppm �les included in the tarball you want me to use when testing your my tiling function.

I will test your submission by running your a3.sml �le through the sml interpreter. As usual, when I test your �le, it
should not produce any syntax errors. If you have code that does produce syntax errors, comment it out. Make sure to
indent and generally format your code nicely, clearly identifying your answer to each problem. Follow the programming
style described in class (e.g., use pattern matching whenever possible, do not provide type info for your `variables' when
ML can infer it, use `let' whenever possible to eliminate multiple computations of the same expression). Do NOT add
any test cases (keep mine intact) or extraneous code in your submitted �le. Failure to follow these rules (including the
use of required �le and function names, as well as function signatures) will cost you dearly.

Finally, you must submit a hardcopy of both your a3.txt and a3.sml �les in class on the due date. Make sure to
staple your submission. I will consider your submission complete when your electronic submission is completeand I
have your hardcopy ofa3.txt in hand.

1. (30 points) Put yourself in the shoes of the ML compiler andlogically go through the inference steps needed to infer
the signature of each of the ML functions under (a) through (f). For each signature, you must clearly separate each
step, that is, each new piece of information that you infer. Do not combine several steps into one. For each step,
number it, write down the (partially de�ned) function signa ture, and a justi�cation for the newly inferred piece of
the signature that this step added. You will be graded on the sequence of steps more so than on the � nal
signature . Here is a sample answer for the following ML declaration:fun u (x,y) = if x then y else 0.0 .

1. ( ) -> ( ) since u is declared with the keyword fun
2. ( * ) -> ( ) since the domain of u is a two-tuple
3. ( bool * ) -> ( ) since x is used as a condition for an if express ion
4. ( bool * real ) -> ( ) since y must have the same type as the else clause, i.e. 0.0
5. bool * real -> real since the value returned by u is the value of the if expression

I advise you to trace this type-inferencing algorithm in the same setting as the exam, that is, without taking advantage
of the sml runtime environment. You will not be penalized for using more (properly nested) parentheses than ML.

(a) (5 points) fun u(x,y,z) = if y(x) > 0 then z else z * 1.05;
(b) (5 points) fun u(x,y) = fn z => x y;
(c) (5 points) fun u x y = fn z => y x;
(d) (5 points) fun u(x,(y,z)) = if y(y x) then y else fn t => z;
(e) (5 points) fun Y g x = g (Y g) x;
(f) (5 points) fun A h (x,y) = if x=0 then y else h(x-1,y+1);

You do not need to read the following to solve this problem, but if you are really interested in recursion...

By de�nition, a �xed-point of any function f is a value x such that x = f (x). The connection between recursion
and �xed points is illustrated by the ML declarations of the f unctions Y and A above. Y is a �xed-point operator (we
will come back to this so-calledY combinator later this semester when we discuss the� -calculus) and A is another
higher-order function whose �xed point is the add function. So, after the declarations ofY and A, we could type the
following expressions, and ML would return the expected values, namely 5 and 11:

val add = Y A;
add(2,3);
add(6,5);

Note that both Y and A are curried (but h is not).

2. (20 points) Answer each of the four questions in this problem using folding. Your functions may not use explicit
recursion or named helper functions.



(a) (5 points) Write a function called e that, when given a list of integers, returns the number of even integers in the
input list.

- e [];
val it = 0 : int
- e [1,2,3,4,5,6,7];
val it = 3 : int

(b) (5 points) Write a function called oe that, when given a list of integers, returns a two-tuple of integers, the �rst
of which is the number of odd integers in the input list, and the second of which is the number of even integers
in the input list.

- oe [];
val it = (0,0) : int * int
- oe [1,3,5];
val it = (3,0) : int * int
- oe [1,2,3,4,5,6,7];
val it = (4,3) : int * int

(c) (5 points) Write a function called f that takes in a list of int list s and �lters out the element lists that contain
more odd than even numbers.

- f [];
val it = [] : int list list
- f [ [1,2,3], [1,2],[3], [3,4,5,6], [], [7,8] ];
val it = [[1,2],[3,4,5,6],[],[7,8]] : int list list

(d) (5 points) Write a function called 
atten that takes in a list of lists and returns a single list obtained by concate-
nating together all the lists in the input list. For this exer cise, you may not use the built-in @operator. Instead,
you must use the built-in :: operator. Hint: Use nested folding computations.

- flatten []; (* warning omitted *)
val it = [] : ?.X1 list
- flatten [ ["this","is"],["a"],["test","of","the"],[] ,["flatten","function"] ];
val it = ["this","is","a","test","of","the","flatten", "function"]

: string list

3. (50 points) In this problem, we are creating tilings from a single picture. The simplest possible tiling is the picture
itself. One can also obtain a simple tiling by 
ipping a tilin g upside down or left to right. A structured tiling can be
made of two tilings placed on top of each other (one above the other) or placed next to each other (one beside the
other). Note that the de�nition of a tiling is recursive. The corresponding ML datatype follows:

datatype tiling = Pic (* single original picture *)
| FUD of tiling (* Flip Up Down *)
| FLR of tiling (* Flip Left Right *)
| A of tiling * tiling (* Above *)
| B of tiling * tiling; (* Beside *)

A tiling is therefore a tree-structured object whose leaf nodes are labeledPic . To render a tiling, one only need
provide the name of a picture �le. This picture is drawn once for each leaf node in the tree. During rendering, the
picture is shrunk and 
ipped according to the labels on the interior nodes of the tree. Here are three sample tilings:

- val t1 = Pic;
val t1 = Pic : tiling
- val t2 = B( Pic, A(Pic,Pic) );
val t2 = B(Pic, A(Pic,Pic)) : tiling
- val t3 = B( FUD Pic, A(Pic, B(FLR Pic, Pic) ) );
val t3 = B(FUD Pic, A(Pic, B(FLR Pic,Pic) ) ) : tiling

Note that you may want to type in the following line of ML code t o make sure your tilings are fully printed:
Control.Print.printDepth := 20; (* controls the depth of pr inted data structures *)

Make sure that you understand how tilings are built by studying the tiling t3 above with the following depiction of
its tree structure (this tiling is rendered twice below, once with a duck picture and once with \American Gothic"):

t3 = B
/ \
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| / \

Pic Pic B
/ \

FLR Pic
|

Pic



Once you have built a tiling, you may render it by calling the render function in the Tiling structure. It takes as
arguments a tiling and the name of a picture �le (without the .ppm extension). Here is a sample session to render
the three tilings de�ned above:

- Tiling.render t1 "duck";
val it = () : unit
- Tiling.render t2 "duck";
val it = () : unit
- Tiling.render t3 "duck";
val it = () : unit
- Tiling.render t3 "american_gothic";
val it = () : unit

The three tilings t1 , t2 , and t3 are rendered below from left to right. Note that the same tiling may be rendered
with any picture, as shown in the fourth rendering below (far right).

(a) (5 points) Write a function called extend that takes in a tiling and returns it after having replaced al l occurrences
of Pic with the tiling A(Pic,Pic) . Here is a sample session:

- extend Pic;
val it = A (Pic,Pic) : tiling
- extend it;
val it = A (A (Pic,Pic),A (Pic,Pic)) : tiling
- extend it;
val it = A (A (A (Pic,Pic),A (Pic,Pic)),A (A (Pic,Pic),A (Pic ,Pic))) : tiling
- extend (FUD(B(Pic,FLR Pic)));
val it = FUD (B (A (Pic,Pic),FLR (A (Pic,Pic)))) : tiling

(b) (10 points) Since 
ipping a tiling twice in a row returns t he original tiling, write a function called sim-
plify that takes in a tiling and returns it after having deleted all occurrences of... FLR( FLR( ... and
... FUD( FUD( ... . Here is a sample session:

- simplify (A( Pic, B( FLR( FLR Pic), FUD( A(Pic, FUD Pic))))) ;
val it = A (Pic,B (Pic,FUD (A (Pic,FUD Pic)))) : tiling
- simplify (FLR(FLR(FUD(FLR(FUD(FUD(FUD(FLR(FLR Pic)))))))));
val it = FUD (FLR (FUD Pic)) : tiling
- simplify (FLR(FLR(FUD(FLR(FUD(FUD(FUD(FLR(FLR(FUD Pic))))))))));
val it = FUD (FLR (FUD (FUD Pic))) : tiling
- simplify (FLR(FLR(FLR(FUD(FUD(FLR Pic))))));
val it = FLR (FLR Pic) : tiling

Carefully review the last two calls above. They show that deleting consecutive 
ips may bring together 
ips
that were not consecutive to start with. Since your function simplify only makes one pass through the tiling, it
will not detect such occurrences. The motivation for the next function is to deal with such cases.

(c) (10 points) Write a function called simplify2 that takes in a tiling and processes it repeatedly using yoursimplify
function until no consecutive FUD
ips and no consecutive FLR
ips remain. Make your function as e�cient as
possible by avoiding needless recomputations. Here is a sample session:

- simplify2 (FLR(FLR(FLR(FUD(FUD(FLR Pic))))));
val it = Pic : tiling
- simplify2 (FLR(FLR(FUD(FLR(FUD(FUD(FUD(FLR(FLR(FUD Pic))))))))));
val it = FUD (FLR Pic) : tiling
- simplify2 (FLR(FUD(FLR(FUD Pic))));
val it = FLR (FUD (FLR (FUD Pic))) : tiling

Carefully review the last call above. Your function simplify2 need NOT simplify the last tiling, even though it
contains four redundant 
ips (the last tiling is equivalent to the simpler tiling Pic ).

(d) (10 points) Write a recursive ML function called repeat A split that takes in an integer n (n � 0) and returns
a tiling that results from executing the following operations n times for each of the topmost sub-components of
the tiling: split the sub-component in two using the A (above) constructor, and then split the top one using the



B (beside) constructor, yielding two side-by-side sub-sub-components. Here is a sample session for small values
of n.

- repeat_A_split 0;
val it = Pic : tiling
- repeat_A_split 1;
val it = A (B (Pic,Pic),Pic) : tiling
- repeat_A_split 2;
val it = A (B (A (B (Pic,Pic),Pic),A (B (Pic,Pic),Pic)),Pic) : tiling

Make sure to draw the resulting trees to help you visualize the pattern. The renderings below should also be
helpful. The �rst three renderings correspond to the above tilings. The rightmost rendering corresponds to
n = 9. Since a picture cannot be shrunk an in�nite number of times, you will get a message stating that the
tiling/tree is \too many levels deep" if you use too large a value for n (10 and above in this instance).

(e) (5 points) Write a recursive ML function called repeat B split that takes in an integer n (n � 0) and returns a
tiling that results from executing the following operation s n times for each of the rightmost sub-components of
the tiling: split the sub-component in two using the B (beside) constructor, and then split the right one using the
A (above) constructor, yielding two stacked up sub-sub-components. Here is a sample session for small values of
n.

- repeat_B_split 0;
val it = Pic : tiling
- repeat_B_split 1;
val it = B (Pic,A (Pic,Pic)) : tiling
- repeat_B_split 2;
val it = B (Pic,A (B (Pic,A (Pic,Pic)),B (Pic,A (Pic,Pic)))) : tiling

The pattern (developing toward the right) created by this fu nction is similar to the one created by the previous
function (but toward the top). The following renderings wil l help you visualize this pattern:

(f) (5 points) Write a recursive ML function called count that takes in a tiling and returns the number of copies of
the original picture that the tiling contains. For example:

- count (repeat_A_split 0);
val it = 1 : int
- count (repeat_A_split 1);
val it = 3 : int
- count (repeat_A_split 2);
val it = 7 : int
- count (repeat_A_split 25);
val it = 67108863 : int

(g) (5 points) Write an ML function called my tiling that takes in an integer and returns a tiling that you �nd
visually appealing and whose structure is at least as rich asthe one involved in the repeat A 
ip function. I will
test your function by typing, for example:

- Tiling.render (my_tiling 5) "nebula";

Sample renderings are shown on the next page.




