SUMMER 2007 67-717 TEST Il SOLUTIONS

PROBLEM 1:
Use the linearization theorem to classify the fixed points of

(@ x=y*-3x+2, y=x>-y°.
(b) x=sin(x+y), y=y.
SOLUTION:
(a) Thesystem y* -3x+2=0and x* — y* =0 hasfor solutions
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(L1),(L-1),(2,2) and (2,-2). The Jacobian is ( : ] .
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j, r=-5 A=2: stablenode.
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At(l,-l),J—(Z 2}’ r=-1 A=-2, saddle.
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At(2,2),J:( j,r=—7, A=-4, saddle.
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At(2,-2),J:(4 4}, r=1 A=4,unstablespiral.
(b) There are infinitely many fixed pointsat (nsz,0),n07Z .

cos(x+y) cos(x+ y)]
. .

The Jacobian is ( 1

11
At (2km,0),J= (O J, r=2, A=1,unstable node.

At ((2k +1)77,0), J= (0 1}, r=0, A=-1,saddle

PROBLEM 2: Consider thesystem x = y°® —4x, y=y°-y-23x.
(a) Show that theline x =y isinvariant, i.e., any trgjectory that starts on it stayson it.
(b) Show that |x(t) - y(t)| — 0 as t — e for &l other trajectories. (Hint: Forma
differential equation that tells us how the quantity x(t) —y(t) changeswith time.)

(c) Check your result by sketching a phase portrait.
SOLUTION:

(@ On y = x, the velocity field is (x* - 4x,x* —4x) . Sotheflow isalongtheliney = x.
(b) X-y=—(x-vy), thisimpliesthat x(t) - y(t) = (x(0) - y(0))e™ and hence the desired
result.

PROBLEM 3: Show that thesystem x=y—-x>, y=-x-Yy* hasno closed orbits, by
constructing a Lyapunov function V (x, y) = ax* + by® with suitable a, b.



SOLUTION: Select a=b=1,then V >0andV = -2x* -2y* < 0. Hencewe have a
Lyapunov function and we conclude that there are no closed orbits.

PROBLEM 4: Show that the originisaspiral point of the system

X=-y =X X2y, Y=X-y Xy
but a center for its linear approximation.
SOLUTION: Thefixed point isat the origin. Thelinearizationis x=-y, y = xwhichis
alinear center. However if we convert the system to polar coordinates, we get
e =xx+yy=x(-y-xr)+y(x—yr)=-r®or r =-r* and

0= xy—zyx = x(x—yr)—zy(—y—xr) =1. Analyzing this system either geometrically or
r r

analyticaly, wefind it isa stable spiral. For example we can solve for r by separating

. - r , . .
variables and obtaining r(t) = +° . Since the trgjectories rotate at a constant rate and
0

the radiusis going to zero, we obtain a stable spiral.

PROBLEM 5: A system of differential equation is called a Hamiltonian system if there
exists area-valued function H (X, y) (called the Hamiltonian function) such that
X:a—H andy:—a—H for al x, y.

oy 0x
(a) Show that the function H isaconserved quantity along the tragjectories of the system.
(b) Suppose that (X,,Y,)isan equilibrium point for the Hamiltonian system, by studying
the linearization at (X,, Y,) , conclude that a Hamiltonian system cannot have spirals or
nodes in the phase portrait.
(c) Check that system x=-xsiny+2y, y=-cosy isaHamiltonian system with
Hamiltonian function H (X, y) = xcosy + y~.

(d) Sketch thelevel curvesof H and the phase portrait of the system. Include a
description of all equilibrium points and saddle connections.

SOLUTION:

@ d—H:a—H% +a_Hﬂ:a_H6_H_a_Ha_H:0’ thisimpliesthat H is conserved along
d ox dt oJdy dt ox dy 09y ox

trgectories.

O°H  O°H
oxd ay? a b
(b) The Jacobianis| &Y % |= . 7=0, A=-a’-bc.
_9°H _0°H c -a
ox*  dyox
If A>0, centersand if A<O, saddlesandif A =0, 0istheonly eigenvalue.
We conclude that it is not possible to have eigenvalues that are complex and have

nonzero real parts, so solutions cannot spiral in or out of the fixed point. Similarly, we
cannot have two positive or two negative eigenvalues, so no sinks or sources.



(c) Clearly X:a—Handy: —a—H.
oy 0x

(d) Thelevel curves of H are the trgjectories of the system.

PROBLEM 6: Giventhesystemx=x—-y—-x(x’ +Yy?), y=x+y-y(x*+Yy?%)

(a) Transform the system into polar coordinates.

(b) Conclude that the system has a limit cycle.

(c) Check your work by plotting the phase portrait.

SOLUTION:

(@ rf =xx+yy=x(x-y-xr’)+y(x+y-yr?) =r?(1-r?) implies r =r(1-r?)

also onefindsthat 8=1.

(b) Thisisthe same system we considered in class and showed we had a stable limit

cycler =1.
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PROBLEM 7: Given the system % :( 5 JY( withinitial condition X, :( n j
(a) Find the eigenvalues.
(b) Determineif the origin is a stable spiral, unstable spiral or a center.
(c) Determine the direction of oscillation in the phase plane.

(d) Sketch the x-y phase portrait and the x(t) and y(t) graphs for the solution with the
indicated initial conditions. (You have to use either Maple or pplane to do all the
graphing)

SOLUTION:

(a) The eigenvalues areroots of A1+ A +4=0 and hence A :ﬂi—;/ﬁ .

(b) Since the real parts of the eigenvalues are negative, we have a stable spiral.

(c) To determine the direction of oscillation, just evaluate the field at a convenient point
such as (1,0). We get the velocity vector (O, -1) and hence the spiral is clockwise.

PROBLEM 8: Let G(x,y) = x> —y°.

(a) What is the gradient system with vector field given by the gradient of G?

(b) Classify the equilibrium point at the origin.

(c) Sketch the graph of G and the level curves of G.

(d) Sketch the phase portrait of the gradient system in part (a).

(Remark: Thisiswhy saddle equilibrium points have the name saddle.)
SOLUTION:

(@ x=-2x,y=2y

(b) Thisisalinear system with A <0, so asaddle.

(c) Use the plot3d command to get the graph of G and the contour plot command to get
level curves.

(d) The phase portrait of the system is the same as the minus the gradient plot of G.



